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Ch , Abstract 

We investigate the regularity of linear stochastic parabolic equations with zero Dirichlct 
C***'" I boundary condition on bounded Lipschitz domains O C M. d with both theoretical and numeri- 

cal purpose. We use N.V. Krylov's framework of stochastic parabolic weighted Sobolev spaces 
\ $jp'g(0,T). The summability parameters p and q in space and time may differ. Existence and 

uniqueness of solutions in these spaces is established and the Holder regularity in time is anal- 
ysed. Moreover, we prove a general embedding of weighted L p (C)-Sobolev spaces into the scale 
of Besov spaces (O), 1/t = a/d+ 1/p, a > 0. This leads to a Holder-Besov regularity result 
for the solution process. The regularity in this Besov scale determines the order of convergence 
that can be achieved by certain nonlinear approximation schemes. 
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1 Introduction 

Let O C R rf be a bounded Lipschitz domain, T £ (0, oo) and let (w^)te[o,Tb k E N, be independent 
one-dimensional standard Wiener processes defined on a probability space (fi, J 7 , P). We are inter- 
$_i , ested in the regularity of the solutions to parabolic stochastic partial differential equations (SPDEs, 

for short) with zero Dirichlet boundary condition of the form 

du = (a ij u xlxJ + f)dt + (a ik u x i + g k )dw^ on O x [0, T] x O, 
u = on n x (0,T] x OO, (1.1) 
u(0, •) = uq on S7 x O, 
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where the indices i and j run from 1 to d and the index k runs through N = {1,2,...}. Here and in 
the sequel we use the summation convention on the repeated indices k. The coefficients a 1J and 
a lk depend on (cj, t) G 17 x [0, T]. The force terms / and g k depend on (u, t, x) G $7 x [0, T] x O. By 
the nature of the problem, in particular by the bad contribution of the infinitesimal differences of 
the Wiener processes, the second spatial derivatives of the solution may blow up at the boundary 
dO even if the boundary is smooth, see, e.g., [28]. Hence, a natural way to deal with problems 
of type (jl.ip is to consider u as a stochastic process with values in weighted Sobolev spaces on 
O that allow the derivatives of functions from these spaces to blow up near the boundary. This 
approach has been initiated and developed by N.V. Krylov and collaborators, first as an L2-theory 
for smooth domains O (see [28 ), then as an L p -theory (p > 2) for the half space ([331 El])) for 
smooth domains ((23j[27j), and for general bounded domains allowing Hardy's inequality such as 
bounded Lipschitz domains (|26j). Existence and uniqueness of solutions have been established 
within specific stochastic parabolic weighted Sobolev spaces, denoted by Sjlg(0,T) in [26]. These 

spaces consist of elements u of the form du = fdt + g k dw k , where u, f and g k , considered as 
stochastic processes with values in certain weighted L p (C)-Sobolev spaces, are L p -integrable w.r.t. 
P <S> dt. We refer to Section [3] for the exact definition. 

In this article we treat regularity issues concerning the solution u of problem (|l.ip which arise, 
besides others, in the context of adaptive numerical approximation methods. 

The starting point of our considerations was the question whether we can improve the Besov 
regularity results in [3] in time direction. In [3] the spatial regularity of u is measured in the scale 
of Besov spaces 

Kr(o), \ = 2 + ? a>0 ' W 

where p > 2 is fixed. Note that for a > (p — l)d/p the sumability parameter r becomes less than 
one, so that in this case B" T (0) is not a Banach space but a quasi-Banach space. It is a known 
result from approximation theory that the smoothness of a target function / G L P {(D) within the 
scale (J*j) determines the rate of convergence that can be achieved by adaptive and other nonlinear 
approximation methods if the approximation error is measured in L p (0); see [5j Chapter 4], |13] 
or the introduction of [3]. Based on the L p -theory in [26], it is shown in [3] that the solution u to 
problem (|l.ip satisfies 

1 a 1 

ueL T (ttx [0,T\,V,F®dt;B? T (O )), - = - + -, (1.2) 

rap 

for certain a > depending on the smoothness of no, / and g k , k G N. In general, the spatial 
regularity of u in the Sobolev scale W p (0), s > 0, which determines the order of convergence for 
uniform approximation methods in L p (0), is strictly less than the spatial regularity of u in the scale 
(j*J). It can be due to, e.g., the irregular behaviour of the noise at the boundary or the irregularities 
of the boundary itself; see [37^ Chapter 4] for the latter case. This justifies the use of nonlinear 
approximation methods such as adaptive wavelet methods for the numerical treatment of SPDEs, 
cf . O [2] . The proof of (jl.2p relies on characterizations of Besov spaces by wavelet expansions and 
on weighted Sobolev norm estimates for u, resulting from the solvability of the problem (jl.ip within 
the spaces Sj^ (O,T). 

An obvious approach to improve (]1.2p with respect to regularity in time is to try to combine 
the existing Holder estimates in time for the elements of the spaces $jl s (0,T) (see \26\ Theorem 
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2.9]) with the wavelet arguments in [3]. However, it turns out that a satisfactory result requires a 
more subtle strategy in three different aspects. 

Firstly, we need an extension of the Lp-theory in [26] to an L,j(Lp)-theory for SPDEs dealing 
with stochastic parabolic weighted Sobolev spaces Sjp'g(0,T) with possibly different summability 
parameters q and p in time and space respectively. These spaces consist of elements u of the form 
du = fdt + g k dwf, where u, f and g k , considered as stochastic processes with values in suitable 
weighted L p (0)-Sobolev spaces, are L^-integrable w.r.t. P <g> dt. Such an extension is needed to 
obtain better Holder estimates in time in a second step. Satisfactory existence an uniqueness results 
concerning solutions in the spaces 5x^(0, T) have been established in [25] for domains O with C 1 - 
boundary. Unfortunately, the techniques used there do not work on general Lipschitz domains. 
Also, the L 9 (Lp)-results that have been obtained in [47] within the semigroup approach to SPDEs 
do not directly suit our purpose: On the one hand, for general Lipschitz domains O the domains 
of the fractional powers of the leading linear differential operator cannot be characterized in terms 
of Sobolev or Besov spaces as in the case of a smooth domains 0; see, e.g., the introduction of [I] 
for details. On the other hand, even in the case of a smooth domain O we need regularity in terms 
weighted Sobolev spaces to obtain the optimal regularity in the scale 

Secondly, once we have established the solvability of SPDEs within the spaces $)1'q(0,T), we 
have to exploit the L,j(Lp)-regularity of the solution and derive improved results on the Holder 
regularity in time for large q. For O = R£ this has been done by Krylov [32]. It takes quite delicate 
arguments to apply these results to the case of bounded Lipschitz domains via a boundary flattening 
argument. 

Thirdly, in order to obtain a reasonable Holder-Besov regularity result, it is necessary to gener- 
alize the wavelet arguments applied in [J] to a wider range of smoothness parameters. This requires 
more sophisticated estimates. 

In this article we tackle and solve the tasks described above. We organize the article as follows. 
In Section 2 we recall the definition and basic properties of the (deterministic) weighted Sobolev 
spaces Hp e (G) introduced in [38] (see also [El Chapter 6]) on general domains G C M. d with 
non-empty boundary. In Section 3 we give the definition of the spaces Sjp'g(G,T) and specify the 
concept of a solution for equations of type (11. ip in these spaces. Moreover, we show that if we have 
a solution u E fiZ'g{G, T) with low regularity 7 > 0, but / and the g h, s have high L (? (L p )-regularity, 
then we can lift up the regularity of the solution (Theorem 13. 8p . In this sense the spaces S)^'q(G, T) 
are the right ones for our regularity analysis of SPDEs. 

Section 4 is devoted to the solvability of Eq. flU]) in S)^(0,T), O C R d being a bounded 
Lipschitz domain. The focus lies on the case q > p > 2 and we restrict our considerations to 
equations with additive noise, i.e. a tk = 0. In Subsection 14.21 we consider equations on domains 
with small Lipschitz constants and derive a result for general integrability parameters q > p > 
2 (Theorem 14. 2D . We use an L g (L p )-regularity result for deterministic parabolic equations from 
|16j and an estimate for stochastic integrals in UMD spaces from [16] to obtain a certain low 
Lq(Lp)-regularity of the solution. Then the regularity is lifted up with the help of Theorem 13.81 
In Subsection 14.21 we consider the stochastic heat equation on general bounded Lipschitz domains. 
Here we use the results from [47] on maximal L^-regularity of stochastic evolution equations (see 
also [IB] and [16]) to derive existence and uniqueness of a solution with low regularity. A main 
ingredient will be to prove that the domain of the square root of the weak Dirichlet Laplacian on 
L p (0) coincides with the closure of the test functions Cg°(0) in the Lp(C)-Sobolev space of order 
one (Lemma 14. 5h . This stays true only for a certain range of p € [2,po) with pq > 3. Thus, so does 
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our result (Theorem I4.4p . In a second step, we again lift up the regularity by using Theorem 
In both settings we derive suitable a-priori estimates. 

In Section [5] we present our result on the Holder regularity in time of the elements of SjJ'q(0, T) 
(Theorem 15. It is an extension of the Holder estimates in time for the elements of $3p'g(T) = 
fpA{R\,T) in [31] to the case of bounded Lipschitz domains. The implications for the Holder 
regularity of the solutions of SPDEs are described in Theorem 15.31 

In Section [6] we pave the way for the analysis of the spatial regularity of the solutions of SPDEs 
in the scale We discuss the relationship between the weighted Sobolev spaces H^ e (0) and 
Besov spaces. Our main result in this section, Theorem 16.91 is a general embedding of the spaces 
Hp d _ up {0), 7, v > 0, into the Besov scale Its proof is an extension of the wavelet arguments in 
the proof of [H Theorem 3.1], where only integer valued smoothness parameters 7 are considered. It 
can also be seen as an extension of and a supplement to the Besov regularity results for deterministic 
elliptic equations in [10] and [7J QXJ . To the best of our knowledge, no such general embedding 
has been proven before. In the course of the discussion we also enlighten the fact that, for the 
relevant range of parameters 7 and u, the spaces H7 d _ (O) act like Besov spaces Bp^ u (0) with 
zero trace on the boundary (Remark 16. 7p . 

In Section [7] the results of the previous sections are combined in order to determine the Holder- 
Besov regularity of the elements of the stochastic parabolic spaces Sj1q(0,T) and of the solutions 
of SPDEs within these spaces. The related result in [3] is significantly improved in several aspects; 
see Remark 17.31 for a detailed comparison. We obtain an estimate of the form 

FlU/ii 9 < r\\n\\ q - — — + - 

for certain a depending on the smoothness and weight parameters 7 and 9 and for certain k 
depending on q and a (Theorem I7.4p . Using the a-priori estimates from Section HI the right hand 
side of the above inequality can be estimated by suitable norms of / and g if u is the solution to 
the corresponding SPDE (Theorem I7.5p . 

Let us mention the related work [TJ on the Besov regularity for the deterministic heat equation. 
The authors study the regularity of temperatures in terms of anisotropic Besov spaces of type 
ST,( 2,Q ((0,r) x O), 1/r = a/d + l/p. However, the range of admissible values for the parameter r 
is a priori restricted to (1, 00), so that a is always less than d(l — 1/p). In our article the parameter 
r in may be any positive number, including in particular the case where r is less than 1 and 
where B" T (0) is not a Banach space but a quasi-Banach space. 

Notation and Conventions. Throughout this paper, O always denotes a bounded Lipschitz 
domain in M. d , d > 1, as specified in Definition 12.51 below. General subsets of M rf are denoted by 
G. We write dG for their boundary (if it is not empty) and G° for the interior. N := {1,2, . . .} 
denotes the set of strictly positive integers whereas No := N U {0}. Let (O, J-, P) be a complete 
probability space and {J-t,t > 0} be an increasing filtration of a- fields T% C J-, each of which 
contains all (J 7 , P)-null sets. By V we denote the predictable a-field generated by {Ft,t > 0} 
and we assume that {{w\ )te\o,T], ( w t)te[o,T]) ■ ■ •} are independent one-dimensional Wiener processes 
w.r.t. {Tt,t > 0}. For k G (0, 1) and a quasi-Banach space (X, \\ ■ \\x) we denote by C K ([0, T];X) 
the Holder space of continuous JT-valued functions on [0, T] with finite norm || • ||c* K ([o,T];X) defined 
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by 

r 1 IN*) -U(S)\\ X 
Mc«([0,T];X) := sup — 

s,te[o,T\ \ T - s \ 



\\ u \\C([0,T];X) ■= SUp \\U{t)\\ Xl 

te[o,T] 

\\ u \\c k ([0,T];X) = \\u\\c([0,T];X) + Mc«([0,T];X) • 

For 1 < p < oo, L p (A, £, ^; X) denotes the space of /i-strongly measurable and p-Bochner integrable 
functions with values in X on a cr-finite measure space (^4, E, /u), endowed with the usual L p -Norm. 
We write L P (G) instead of L p (G, B(G), A d ; M) if G G B(R d ), where 23(G) and B(M d ) are the Borel-cr- 
fields on G and R d . Recall the Hilbert space i 2 := £ 2 (N) = {&= (a 1 , a 2 ,...) : |a| 4 = (£ fc |a fc | 2 ) 1/2 < 
oo} with the inner product (a, b)^ 2 = ^j a *" > for a, b G The notation G^°(G) is used for the 
space of infinitely differentiable test functions with compact support in a domain G C M. d . For any 
distribution / on G and any 99 G Gq°(G), (/, y>) denotes the application of / to 93. Furthermore, 

for any multi-index a = (ai, . . . , a^) G Nq, we write -D a / = 7-^ — for the corresponding 

c)x 1 ■■■ox d 

(generalized) derivative w.r.t. x = (x\, . . . , xj) G G, where \a\ = a\ + . . . + otd- By making slight 
abuse of notation, for m G No, we write D m f for any (generalized) m-th order derivative of / and for 
the vector of all m-th order derivatives of /. E.g. if we write D m f G X, where X is a function space 
on G, we mean D a f G X for all a G Nq with \a\ = m. We also use the notation f x i x j = dx iQ x j , = 
J|£. The notation (respectively /a^.) is used synonymously for := D 1 / (respectively for D 2 f), 
whereas \\f x \\x ■= J2i\\ u xA\x (respectively \\f xx \\x ■= Wfx*xA\x)- Moreover, A/ := ^/^i, 
whenever it makes sense. Given p G [l,oo) and m G No, W™(G) denotes the classical Sobolev 
space consisting of all / G L P (G) such that \f\w™{G) '■= su P Q eNg, \a\=m \\ Da f\\L P (G) is finite. It is 
normed via \\f\\ w ™(G) ■= II/IIl p (g) + \f\w™(G)- The closure of C$°{0) in Wp{0) is denoted by 
Wp(0) and is normed by H/Hyj/i^) := Ei ll/a^llz, (o)) 1 ^- ^ we have two quasi-normed spaces 
(Xi, || • \\xi), i = 1, 2, Xi ^-t- X2 means that Xi is continuously linearly embedded in X 2 . For a 
compatible couple (Xi,X2) of quasi-Banach spaces, [X^X^ denotes the interpolation space of 
exponent r] G (0, 1) arising from the complex interpolation method. In general, X will denote a 
positive finite constant, which may differ from line to line. The notation X = X(ai, a 2 , ■ ■ •) is used 
to emphasize the dependence of the constant X on the set of parameters {a\,a 2 , . . .}. In general, this 
set will not contain all the parameters X depends on. A ~ B means that A and B are equivalent. 



2 Weighted Sobolev spaces 

We start by recalling the definition and some basic properties of the (deterministic and stationary) 
weighted Sobolev spaces H^ e (G) introduced in [38]. These spaces will serve as state spaces for the 
solution processes u = (u(t))te[o,T] to SPDEs of type (jl.ip and they will play a fundamental role in 
all the forthcoming sections. 

For p G (l,oo) and 7 G R, let Hp := H^{R d ) := (1 - A)^/ 2 L p (R d ) be the spaces of Bessel 
potentials, endowed with the norm 

IMIflj := ||(1 - A)^ 2 n|| Lp(R[i) := ^[(l + |£| 2 )^>)(£)] IIl p( r<<), 
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where T denotes the Fourier transform. It is well known that if 7 is a nonnegative integer, then 

iq = { u G L p : D a u G L p for all agNjj with \a\ < 7}. 

Let G C M rf be an arbitrary domain with non-empty boundary dG. We denote by p(x) := 
Pg( x ) '■= dist(x, dG) the distance of a point x G G to the boundary dG. Furthermore, we fix a 
bounded infinitely differentiable function ip defined on G such that for all x G G, 

p(x) < Nip(x), p{x) m - 1 \D m ip{x)\ < N{m) < 00 for all m G N , (2.1) 

where N and N(m) do not depend on x £ G. For a detailed construction of such a function see, 
e -g-i 03 Chapter 3, Section 3.2.3]. Let £ G Co°(R + ) be a non-negative function satisfying 

C(e n+t ) > c> for all t G R. (2.2) 

Note that any non-negative smooth function £ G Cq°(R+) with £ > on [e _1 , e] satisfies (|2.2|) . For 
x £ G and n G Z, define 

C„(s) :=C(e n ^(x)). 

Then, there exists ko > such that, for all n G Z, supp£ n C G n := {x G G : e ~ n ~ k ° < p(x) < 
e- n+ko }, i.e., Cn G C§°(G n ). Moreover, \D m ( n (x)\ < N(C,m)e mn for all x G G and m G N , and 
J2nez Cn(x) > 5 > for all x G G. For p G (1, 00) and 7, 9 G R, we denote by H^ e {G) the space of 
all distributions u on G such that 



IWvg) := E en9 |K-(e n >(e n -)ll^ < 00. 

It is well-known that 

L VjQ (G) := H%{G) = L p (G,p e - d dx), 
and that, if 7 is a positive integer, 

Hj (G) = {u£ L pfi (G) : p^D a u G L Pj g(G) for all a G Nq with \a\ < 7}, 

|q|<7 

see, e.g., [381 Proposition 2.2]. This is the reason why the space H^ g (G) is called weighted Sobolev 
space of order 7, with summability parameter p and weight parameter 9. 

For p G (1, 00) and 7 G R we write Hp (£2) for the collection of all sequences g = (g 1 ,g 2 , . . .) of 
distributions on R d with g k G Hp for each k G N and 



WlflJd.) := ll<?llij;( R ^ 2 ) := 111(1- A)^ 2 ||l p := II ( £ |(1 - A)^/ 2 / " 



< OO. 



' k=l 

Analogously, for 9 G R, a sequence 5 = {g l ,g 2 , ■ ■ ■) of distributions on G is in H2g(G;£2) if, and 
only if, g fe G H^ e (G) for each A; G N and 



Mm 



HUG-M : =E ene HC-n(e m -Me"-)ll^ ( , 2) <oo. 



Now we present some useful properties of the space H^ (G) taken from [38], see also [29] [30] . 
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Lemma 2.1. (i) The space Cg°(G) is dense in H pd (G). 

(ii) Assume that 7 — d/p = m + v for some m G No, v G (0, 1] and i/iai i, 7 G Nq are multi-indices 
such that \i\ < m and \j\ = m. Then for any u G H^ g {G), we have 

iV-l^/fD^l^o + [^ + "/^u] c , (G) < iV||n||^ e(G) . 

(iii) n G H^ e {G) if, and only if, u,ipu x G H2~^ (G) and 

\M H ; e (G) < N\\im x \\ H ,-i {G) +N\\u\\^ iG) < iV||n||^ (G) . 

j4fao, n G H2q(G) if, and only if, u, (ipu) x G H2~^ (G) and 

IHir^G) < ^11(^)^11^-1(0) +N\\u\\ H ,-i {G) < N\\u\\ H , g{G) . 

(iv) For any u,-y G R, r^/G) = H^ 6 _ pv (G) and 

(v) 1/7 G (70,71) then, for any e > 0, £/iere exists a constant N = N( r jQ,ji,6,p,e), such that 

IWWh^g) < £ W u Wh;i (g) +N(jo,H,0, p,e)\\u\\ H ^ {G) . 
Also, if 9 G (^O)^i) then, for any e > 0, there exists a constant N = N(9o,9i,-y,p,e), such that 
\\u\\ H ^ giG) < e\\u\\ H i^ (G) + N{9 ,e l , 1 ,p,e)\\u\\ H ^^ [G) . 

(vi) There exists a constant cq > depending on p, 9, 7 and the function tp such that, for all 
c > Co, the operator -0 2 A — c is a homeomorphism from H2^{G) to H pd l {G). 

Remark 2.2. Assertions (vi) and (iv) in Lemma \2.1\ imply the following: If u G H2q_ p (G) and 

An G HpQ +p {G), then u G H2^„(G) and there exists a constant N, which does not depend on u, 
such that 

A proof of the following equivalent characterization of the weighted Sobolev spaces H p6 (G) can 
be found in [38j Proposition 2.2]. 

Lemma 2.3. Let {£ n : n G Z} C C^(G) &e s-uc/t i/iai /or all n £ Z and m G No, 

|£> m £„| < JV(m) c nm and supp£„ C {x G G : c" n ~ fc ° < p(x) < c -"+ fc °} (2.3) 

/or some c > 1 and &o > 0; where the constant N(m) does not depend on n G Z and x £ G. Then, 
for any u G H^ e (G), 

j2c n6 u-n(c n -)u(c n -w H , <N\\ u \r HJg{Gy 

7/ in addition 

£n{x) >5>0forallx£G (2.4) 

raGZ 

i/ien t/ie converse inequality also holds. 
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Remark 2.4. (i) It is easy to check that both 

:= e" n (Cn),« : n G Z} and {$> := e~ 2n {C n ) x , xj : n G Z} 
satisfy f|2.3|) mtt c := e. Therefore, 

X)e nfi (||e"(C-„) a? i(e n -Me n -)ll^ + l|e 2n (C-nW(e"Xe n -)ll^) < ^ll«ll^ fl(G) - 

(ii) Given k\>l, fix a function C, G Cq°(R+) witt 

C(t) = l /oraZZ ie [^2- fcl , JV(0)2 fel ], 
where N and N(0) are as in (|2.1[) . Then, the sequence {£„, : n £ Z} C C^°(G) defined by 

U := C(2 re V(0) ; «ez, 

fulfils the conditions (j2.3|) and (|2.4p /rom Lemma \2. 3\ with c = 2 and a suitable k$ > 0. Furthermore, 

£ n (x) = l for all x e p- 1 (2- n [2- kl ,2 kl ]). 
In this paper, will always denote a bounded Lipschitz domain in M d . More precisely: 

Definition 2.5. VKe ca/i a bounded domain O C M d a Lipschitz domain if, and only if, for any 
xq = (xq,x'q) G dO, there exists a Lipschitz continuous function fiQ : — > R such that, upon 
relabeling and reorienting the coordinate axes if necessary, we have 

(i) O fl B ro (xo) = {x = (x ,x') G B ro (xo) : x 1 > fio(x')}, and 

(ii) \no(x') - Ho(y')\ < K \x' - y'\, for any x',y' G R d_1 , 
where rQ,K$ are independent of xq. 

Remark 2.6. Recall that for a bounded Lipschitz domain O C W 1 , 

W l p {0) = Hl d _ p (0) 

with equivalent norms. This follows from 135\ Theorem 9.7] and Poincare's inequality. 

3 Stochastic parabolic weighted Sobolev spaces and SPDEs 

In this section, we first introduce the stochastic parabolic spaces Sj p 'g(G,T) for arbitrary domains 
G C Mr with non-empty boundary in analogy to the spaces Sjp'g(T) = Sj p 'g(K'^,T) from 132] . 
Then we show that they are suitable to serve as solution spaces for equations of type (jl.ip in the 
following sense: If we have a solution u G Sjp'g(G,T) with low regularity 7 > 0, but / and the g k, s 
have high L,j(Lp)-regularity, then we can lift up the regularity of the solution (Theorem 13, 8|) . 
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Definition 3.1. Let G be a domain in M. d with non-empty boundary. For p,q E (l,oo), 7,6 £ I 
and T E (0, 00) we define 

H™(G,T) :=L q (n x [0,T],V,P S3 dt;H^ 9 (G)), 
Bg;|(G,r;4) :=i,(«x [0,T},r,¥ ^dt-Hj/G;^)), 
WJ(G) := J- ,P;^- 2/ ^;/ /<? (G)). 

Ifp = qwe also write W pfi (G,T), W pfi (G,T;l 2 ) and U^ (G) instead ofW p p e {G,T), &™(G,T;£ 2 ) 
and U2f(G) respectively. 

From now on let 

p E [2, 00), q E [2, 00), 7 E K, E R. 



Definition 3.2. Let G be a domain in R d u>i£/i non-empty boundary. We write u E S) p 'g(G,T) 
if, and only if u E H^'g _ p (G,T), u(0, •) E U p g(G), and there exist some f E Hjg^(Cr, T) and 

du = f dt + g k dw k 

in the sense of distributions. That is, for any <p E Cq°(G), with probability one, the equality 

rt 00 rt 

KV),^) = Ko, ■),?)+ / (f(s,-),<p)ds + y2 / (g k (s,-),<p)dw k s 

Jo k=1 Jo 

holds for all t E [0, T], where the series is assumed to converge uniformly on [0, T] in probability. 
In this situation we write H)u := / and Su := g. The norm in $j p 'g(G, T) is defined as 

\Wh; : %(G,T) ■= \\ u \\m; : I_ p (g,t) + \\ Bu Ww;; g 2 ^(G,T) + IINIhj- 1 .« ( g,t ; < 3 ) + INMIIt/™^)- 
If P = Q we a ^ so write S) p9 (G,T) instead of S) p ' 9 (G,T). 

Remark 3.3. Replacing G by M. d and omitting the weight parameter 9 and the weight function in 
the definitions above, one obtains the spaces M^ q (T) = M^ q {R d ,T), W p > q {T;l 2 ) = M^ q (R d ,T;£ 2 ), 
Up' q = Up' q (R. d ), and J^' q (T) as introduced in \3S\ Definition 3.5]. The latter are denoted by 
Hp' q (T) in J3T$ ; if q = p they coincide with the spaces Hp(T) introduced in l29\ Definition 3.1}. 

We consider initial value problems of the form 

du = {a % iu x i x j + f)dt + (a th u x i + g k )dw k , it(0, •) = u , (3.1) 
on an arbitrary domain G C M. d with non-empty boundary. We use the following solution concept. 

Definition 3.4. We say that a stochastic process u E S^ p 'g(G,T) is a solution of Eq. ()3. 1|) if, and 
only if, 

u(0, •) = Uq, Bii = a % iu x i x j + f, and Su = {a lk u x i + g k ) ke ^, 
in the sense of Definition \3.2[ 
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Remark 3.5. Here and in the sequel we use the summation convention on the repeated indices 
i,j,k. The question, in which sense, for a bounded Lipschitz domain O C M. d , the elements of 
Sjp'g(0,T) fulfil a zero Dirichlet boundary condition as in Eq. (jl.ip . will be answered in Remark\6_ 



We make the following assumptions on the coefficients in Eq. (|3.ip . Throughout this paper, 
whenever we will talk about this equation, we will assume that they are fulfilled. 

Assumption 3.6. (i) The coefficients a y = a l ^(uj,t) and a lk = a lk {ui,t) are predictable. They do 

not depend on x G G. Furthermore, a %3 = a 31 for j,j G {l,...,d}. 

(ii) There exist constants Sq,K > such that for any (ui,t) G Q x [0,T] and A G M. d , 

5 \X\ 2 < a^w.t^A' < K\X\ 2 , 
where a l i(u,t) := a iJ (oj,t) — ^(a l '(u,t),a^'(oj,t))e 2 , with a l '(co,t) = (a lk (oj, i)) fcgN G £2- 

We will use the following result taken from |314 Lemma 2.3]. 
Lemma 3.7. Let p > 2, m G N, and, for i = 1, 2, . . . , m, 

Aj G (0,oo), 7i G E, u« G n;> +2 (T), «W( ,.) = 0. 
denote Aj := (A* - A) 7 '/ 2 . T/ten 



E 



/ niiwx*] <^E E [/ (ii A i/ (i) iii+ii A ^ ) iii ( , 2) )nii A i A ^' ) iii/ i 

- 70 i=l i=l 170 7=1 



3=1 

37^ 



+ Af ^ E 

l<i<j'<m 



IA-flW|l p IIA-o^ll p TT IIAtAf/Wp df 



fe=l 



H°(£ 2 )- The constant N 



where /« := Du« - a'^, <? (i)fc := - o- 7 "^ and L p (£ 2 ) 

depends only on m, d, p, 5q, and K . 

Now we are able to prove that if we have a solution u G ijT^'^G, T) to Eq. ()3. 1|) and if the 
regularity of the forcing terms / and g is high then we can lift the regularity of the solution. Note 
that in the next theorem there is no restriction, neither on the shape of the domain G C M. d nor on 
the parameters #,7 G K. 



Theorem 3.8. Lei G C M d 6e an arbitrary domain with non-empty boundary. Let 7 G M., p > 2 
and g = pm /or some m G N. Lei / G Hj| +p (G,r), a G M^J 1,9 (G, T;4) and let u G ¥yff-' q {G,T) 
be a solution to Eq. (I3.ip with uq = 0. Then u G ' q (G,T), and 



where the constant N G (0, 00) does noi depend on u, f and g. 



(G,T) + I^HhJ+^cct;^) 
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Proof. The case m = 1, i.e., p = q is covered by [26^ Lemma 3.2]. Therefore, let m > 2. According 
to Remark 12.21 it is enough to show that 



(G,T) - ly V l|li|l H2+^(G,T) ^ IIJ llHj;| +p (G,r) + l^'W^CT^) 



Using the definition of weighted Sobolev spaces from Section [2l we observe that 



|Au| 



z;: q e+P (G,T) 



E 



T 



L J0 



< NE 



E en(e+P) IKC-nAn(t))(e"-)ll^) dt 

z P 

^ e ^)(||A(C_^(t))(e"OII^ 

+ ||(AC-„u(t))(e B .)|&, + \\((- nx u x (t))(e n -)\\ P H ,)) m dt 



(Here C,- nx u x is meant to be a scalar product in M. d .) Now we can use Jensen's inequality and 
Remark 12.4(1) to obtain 



^ e ^)||A(C-n«(t))(e n OII^ 



ne2 



+ IN*)!^, (G) + H^(*)H^ e (G) d * 



An application of Lemma I2.1f iii) and (iv) leads to 



T 







+ Ar||M|l H^(G,T)- 



Therefore, it is enough to estimate the first term on the right hand side, 

i-T 



E 



o 



E 



if £ e ( E --) (0+p) ni|A(C-n^(t))(e-O 

" ni,...,n m GZ i=l 



Tonelli's theorem together with the relation 

\\u(c-)\\ p h; = c^- d ||(c- 2 - Ay/ 2 u\\ P Lp for c G (0,oo), 

applied to A«( ni ) with := C-n^ for n € Z, show that we only have to handle 



(3.2) 



j2 e (^r=i^)(e+p+p~/-d) E \ f T jj 

...,n m ez ^° i=l 



"2ni _ A ) 7 /2 An K)( t )||P dt 
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Note that since u E Sjl ~^ 1,q (G, T) solves Eq. (|3.ip with vanishing initial value, is a solution of 
the equation 

dv = {a rs v x r x s + f^)dt + (a rk v x r + g^ k )dw k , u(0, •) = 0, 

on R d , where /<") = -2a rs (C-n)*^ - a"(C-»Wu + C-n/ and g^ k = -a rk {Q- n ) x r U + C-n<A 
Furthermore, applying |29| Theorem 4.10], we have «(") G n^ +2 (T). Thus, we can use Lemma 13.71 
to obtain 



E 



7 1 m 







i=l 

where we denote 



H\\(e-^-Ay/ 2 Au^(t)\\ p Lp dt\ <AT^(/ ni +J ni )+iV £ 

l<j<j'<m 



i=l 



E 



J„,, := E 



||A ni /^)(t)||^ni|A n .A^)(t)||^^ 



m 

iiAn l 5i ni) (t)iii p{ , 2) nii A ^ AuK) ( t )ii"/ t 



riiUj 



E 



J] ||An fc An^)(i)f L /t 



fc=i 



with A n := (e 2n — A) 7 / 2 . Thus, it is enough to find a proper estimate for 

rti,...,n m GZ i=l l<i<j<m 

Applying (I3.2p first, followed by Tonelli's theorem, then Holder's and Young's inequality, leads to 

ni,...,n m GZ i=l 

i=i • /o P j=i 



ni,...,n m & 



< NE 



T 



2 



<N(s)E[ (^2e n ^\\f^(t,e n -)\\ P H; y dt] +bE[ ( £ e "^) || A«W(t, e n -)||^) 5 A 



Using the definition of and arguing as at the beginning of the proof, we get 



^ e n(e + p)|| / (n) (tje n. ) ||^< iv 



< A Ik 



\\f{t)\\l 
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Moreover, 

Y,e n{e+p) \\Au^(t,e n -)\\ P H -, < E e" (e+p) ||(AC_„n(t))(e n -)||^ 

+ £ e »<**> 1 1 ((_ nx u x (t) ) ( e » •) 1 + ^ c «P-H0 1 1 (C_ B A«(t))( e n -)ll^ 

< Jv(||«(t)||^_ t(0) + K(t)ll^ (G) + IIA«II^, +> ( G) ) 

s«(n-wnV„(«) + l|A " ll ^ + ,(=))- 

Combining the last three estimates, we obtain for any e > a constant N(e) £ (0, oo), such that 

m 

E etS.-)'^-^'". S 'lA-llig^ + "<«> (ll/IBsfc,^ + ll»H^.,ar, 

ni,...,n m SZ i=l p ' p 

Using similar arguments we obtain 

i \ m 



rii,...,rc m GZ i=l 1 <i<j <rri 

< e IIAul 



which finishes the proof. □ 

Iterating this result has the following consequence. 

Corollary 3.9. Let 7 > 1, p 6 [2, 00) and q = mp for some m £ N. Furthermore, assume that 
f G HJ52J(G,T), 5 G H^ 1,? (G,T;f 2 ), and that u £ Hj$_ p (G,T) sato/ies Eg. toitfi u = 0. 

Then u€S%$(G,T), and 



where the constant N £ (0, 00) does noi depend on u, f and g. 

Remark 3.10. An extension of the results above to the case where the coefficients depend on the 
space variable x £ G can be proved along the lines of \24\ \26\/ . Also, the symmetry of a 1J can be 
dropped. To keep the expositions at a reasonable level, we do not discuss these cases. 



4 Solvability of SPDEs within fiffiO, T) 

In this section we prove existence and uniqueness of solutions to equations of type ()3. 1|) on bounded 
Lipschitz domains O C M. d in the spaces $^q{0,T). We are mainly interested in the case q > p. 
The main ingredient will be Corollary 13.91 which allows us to lift up the regularity of the solution 
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once we have established a certain low L g (L p )-regularity and if / and the g k, s have high L q (L p )- 
regularity. In this section we restrict ourselves to equations of type (|3.ip with a = and vanishing 
initial condition, i.e., we consider the problem 

du = (a ij u xtxj + f)dt + g k dwt, u(Q, •) = 0. (4.1) 

We expect, however, that the lifting argument in Corollary 13.91 can be used to derive similar results 
for general equations of type (|3.ip . We establish existence of solutions with low L g (L p )-regularity 
in two different ways which correspond to two different restrictions in our assumptions. First, in 
Subsection 14.11 we consider Lipschitz domains with sufficiently small Lipschitz constants. Here we 
use an L g (L p )-regularity result for deterministic PDEs and basic estimates for stochastic integrals 
in UMD Banach spaces to derive a result for general integrability parameters q > p > 2. Then, 
in Subsection 14.21 we consider the case of general bounded Lipschitz domains. Applying techniques 
from the semigroup approach to stochastic evolution equations in Banach spaces, we are able prove 
existence and uniqueness of solutions of the stochastic heat equation in S)p'^(0, T) for integrability 
parameters p G [2,Po) an d q > p. 



4.1 A result for domains with small Lipschitz constant 

We need the following result concerning existence and uniqueness of solutions to SPDEs of the form 
(|3.ip in $")p e (0,T) = i3p'g(C,T), i.e., for the case p = q. It is taken from [26], see Theorem 2.12 
and Remark 2.13 therein. Note that it also holds under weaker assumptions on the parameters and 
for more general equations than stated here. 

Theorem 4.1. Let O be a bounded Lipschitz domain in M. d and 7 G R. For i,j G {1, . . . , d} and 

k G N, let a 1 ! , a tk be given coefficients satisfying Assumption \3.6l 

(i) For p G [2,oo), there exists a constant k,q £ (0,1), depending only on d, p, 5q, K and O, 
such that for any 9 G (d + p - 2 - k , d + p - 2 + k ), f G W pfi+p (0,T), g G W^ 1 {O ,T;l 2 ) and 

u G U^ 2 (0), Eq. (jni has a unique solution u in the class ^j p ^ 2 (0,T). For this solution 
where the constant N depends only on d, p, 7, 9, 5q, K , T and O. 

(ii) There exists po > 2, such that the following statement holds: if p G [2,po), then there exists a 
constant k\ G (0, 1), depending only on d, p, Jo, K and O, such that for any 9 G (d — «i, d + Ki), 
f G M^ +p (0,T), g G BQ 1 (0,T;£ 2 ) and u G U^ 2 (0), Eq. flU) has a unique solution u in the 
class S)T^ 2 (0,T). For this solution, estimate (|4.2p holds. 

Here is the main result of this subsection. 

Theorem 4.2. Let O be a bounded Lipschitz domain in M. d and let 7 > 0. For given coefficients , 
hj G {1, . . . ,d}, let Assumption \3.6\ be satisfied with a = 0. Then, for 2 < p < q < 00, there exists 
a constant c = c(d,p,q,5o, K), such that, if the Lipschitz constant Kq in Definition \2.5\ satisfies 
Kq < c, the following holds: For 

f g e™ +p (e>,r) nHj«(0,r) and g g Eg+ 1 ^(o,r;4) niJ;«_ p (o,r;4), 
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Eq. (|4.ip has a unique solution u £ &^ ,q {0,T). Moreover, there exists a constant N £ (0, oo), 
which does not depend on u, f and g, such that 

\\ u h;+ 2 '"(o, T ) ^ ^(|I/IIh^ +p( o,t) + II/IIh^(o,t) 

Remark 4.3. We note that every bounded C 1 -domain O C M. d is a Lipschitz domain where the 
Lipschitz constant Kq in Definition \2.5\ can be chosen arbitrarily small. Therefore, the assertion of 
Theorem \4-£\ holds for any bounded C 1 -domain. 

Proof of Theorem US Since S^ p ^ q {0,T) ^ S^ 2 (0,T), the uniqueness follows from Theo- 
rem Also by Theorem 14.11 there exists a solution u £ .fj 2 ^ 2 ((D, T). We only need to show that 
u £ S^' q {0,T) and that it satisfies For all tp £ C^°(C), with probability one, 

r-t 00 j-t 

(u(t),<p) = {a i i(s)u xlxJ (s) + f(s),i P )ds + y2 (9 k (s)^)dw k s , t € [0,T\. 
Jo k=1 Jo 

Let us define 

oo „ t 

»W == Yl / 9 k {s)dw k s 
k=i Jo 

as an infinite sum of, say H\ rf _ 2 (0)- valued stochastic integrals. This sum converges in the space 
U\ 4 _ 2 {0,T) due to Ito's isometry and since g £ M 1 p q d _ p (0,T;£ 2 ) ^ M^ d _ 2 (0,T;£ 2 ). We fix a 
continuous modification of the H\ d _ 2 (0)-valued process (w(t))te[o,T] horn now on, which is well- 
known to exist. For all (p £ C^°(0), with probability one, 

oo ,. t 

{g k (s),ip)dw k s = (w(t),p), te[o,T\. 

k =i Jo 

Therefore, setting u := u — w, we know that for all <p £ Cg°(C'), with probability one, 

{u(t),ip) = [ {a^{s)u xlx3 (s) + f(s) + a i i(s)w xixj (s),<p)ds, t £ [0,T]. (4.4) 
Jo 

It follows that u is the unique solution in S) 2 d(^> T) to 

du = {a lJ u x i x j + f + a lJ w x i x j)dt, u(0) = (4-5) 



We are going to consider (|4.5|) w-wise and apply an L g (L p )-regularity result for deterministic 
PDEs from [16]. To this end, we have to check that in the present situation our notion of a solution 
fits to the one described therein. Since u, w £ H^_ 2 (0,T) and / £ M p q d (O,T) ^ M° d (C,T), 
we know that, for almost every u £ $7, the mappings t h-> u(u,t,-) and t h-> w(u;,t, ■) belong to 
L 2 ([0,T];i? 2 1 d _ 2 (O)) and t ^ f(u,t,-) belongs to L 2 ([0, T]; L 2 (0)). In particular, by Lemma EU 
u x i x i(o;) and w x i x j{uj) belong to L2([0,T]; H 2d+2 (0)) for all i,j = 1,... ,d, so that 

/ {a y (w, s)u x i x j (oj, s) + f(uj, s) + a 13 (w, ^uv^j (a;, s)}ds =: / ^(to,s)ds 
Jo Jo 
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exists as an H 2 ^ +2 (C)-valued Bochner integral. This and (|4.4p imply that, for almost all well, 

(u(Lo,t),ip k ) = ( f <Z>(uj,s)ds,<p k ), k G N, t G [0,T], 

JO 

where {<^fc}fceN ^ Co°(^) ^ s supposed to be dense in H 2 l d _ 2 {0). As a consequence, 

u(u;,t) = / $(u,s)ds, te[0,T]. 

JO 

Standard arguments lead to 

4>'(t)u{u,t)dt = - [ (j)(t)^(cj,t)dt + (f)(T)u(u),T), <f>eC^ 



10 Jo 
where the integrals are -ff^ +2 (0)-valued Bochner integrals. We obtain 

T f d 

/ u(uj) — hdxdt 
Jo dt 

/ (a lJ {u)u Xj (uj)h x i — f(oj)h + a 13 (uS)w Xj {u))h x i) dx dt + / u(oj,T)h(T)dx 
o Jo Jo 



(4.6) 



for all test-functions h = (f> (g) <p, <j> G Cq°(IR), <p G Cq°(0). Using approximation arguments one 
can verify that (|4.6p even holds for all test-functions h which belong to the space T~L 2 2 ((0, T) x O) 
considered in [IB] and which vanish on (0, T) x dO in the sense that h(t) G W / 2 1 (C') = H 2( ,_ 2 (0) 

for almost all t G (0, T). Moreover, for almost all wgd, «(u;) belongs to the space 2((0j ^) x ^) 
as defined in [16] and it vanishes on (0, T) x <90. Thus, for almost all oo G f2, u(u) is the unique 
solution in ^((O.T) x O) to 

--w + a^K^- = div(a 1 ^'( W K,(a;),...,a*(a;K i (a;)) T -/(a;) in (0,T) x O 
w = on(O,T)x<90 

in the sense of [16]. Now we can apply [16^ Theorem 8.1] and use the fact that the coefficients a 13 
are uniformly bounded due to Assumption 13.61 to obtain 

P«MIU 3 ([ ,T];L p (e>)) ^ N (ll i M w )IU,([0 1 T];Z p (O)) + ll/H \\ Lq ([0,T];L p (O))) ( 4 -<0 

for almost all well, where the constant N does not depend on oj. We remark that the assumption 
on the Lipschitz constant Kq comes into play at this point: Theorem 8.1 in |16] implies that there 
exists a constant c = c(d,p,q,So, K) such that, if Kq < c, then estimate (|4.7p holds. Integration 
w.r.t. P and Hardy's inequality yield 

W U \\w p q d _ p (O,T) - ^II-^IIh^O.T) 

< N (\\Du\\ w o,^ 0jT) + \\Dw\\ m o, qAOtT) ) (4.8) 



< N (||/|| H o,9 (0jT) + PHIh£;«(0,t))- 
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The term H-DwHjjO,?^ T ^ can be estimated with the help of an inequality for stochastic integrals 

in UMD Banach spaces with type 2 taken from [35]. To this end, let ^{£2, H p d _ p (0)) denote the 
Banach space of 7-radonifying operators from £ 2 to H pd _ p ((D), see [35] for a survey on this class 
of operators. Furthermore, let {efc}fc G N be the standard orthonormal basis of the Hilbert space £2- 
Then, the stochastic process 



given by 



6:Ox[0,r]^ 7 (£ 2 ,iJi (O)) 



b(u, t)a := ^2 (a, e k ) t2 g k (uj, t), a G £ 2 , 
k=l 



is well-defined, and 
Moreover, 



&G L q (n x [0,T],V,I>®dt-Mt2,Hl d _ p (O))). 

\HL q {O.x[0,T\ n {t 2 ,Hl d _ p {O))) ~ HS'IIh^^CCT;^)' ( 49 ) 

see [U Remark 3.7]. We remark that H pd _ p (0) = W p (0) is a UMD Banach spaces with type 2, 
since it is a closed subspace of the classical Sobolev space W p (0). Therefore, by [35J Corollary 3.10], 
(&(i))te[0,Tl i s £ 9 -stochastically integrable w.r.t. the ^-cylindrical Brownian motion (W^ 2 (t)) te r 0j T] 
given by 

00 

V^ 2 (t)a:=^(a,e fc )^ 2 -u; t fc , a G £ 2 . 
fc=i 

By [35J Corollary 3.9], for every t G [0,T], 

/ b{s)dW t2 {s) = V / /(s)c^ = u;(i) a.s., (4.10) 
Jo fc=1 io 

where the series converges in H pd _ p (0)). Thus, we can apply [461 Corollary 3.10] and obtain 

I|w|I h^_ p (o,t) - N K q (nx[0,T]-Mh,Hl d _ p (O))) - N ^ 9 K^ d _ p (o,T-,e 2 y 

where we used (|4.9p for the last estimate. Now let e±, . . . , be the standard orthonormal basis of 
]R rf . Note that for every i G {1, . . . ,d}, D e ' is a linear and bounded operator from H pd _ p (0) to 
the UMD space L p (0), cf. Lemma l2.1( iii) and (iv). Using this and similar arguments as above we 
obtain ^ 

D e *w{t) = [ D e * ob(s)dWe 2 (s), 
Jo 
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with D ei o b denoting the (point-wise) composition of the operators D ei and b, and 

d 

E 11^ 



|ZMLo,9 



i=i 
d 



i=l 11 ^ 



Z, g (ax[0,T];i p (O)) 
< ^ E H^ 6 ' ° b WL q (nx[0,T]-Me 2 ;L p (O))) 



(4.11) 



i=i 



< ATI 



lL ? (nx[0,T]; 7 (^;iri d _ p (O))) 



< N \\g\\ m ^ d _ p( o, T ;i 2 y 

Combining (|4.8|) and (|4.11|) and applying Corollary 13.91 finishes the proof if q = mp with m £ N. We 
can get rid of this restriction by following the lines of [31| Proof of Theorem 2.1, p. 7] and applying 
Marcinkiewicz's interpolation theorem. □ 



4.2 An L g (Lp)-theory of the heat equation on general bounded Lipschitz do- 
mains 

In this subsection we present a first L ? (L p )-theory for the stochastic heat equation 

du = (An + /) dt + g k dw k , u(0, •) = 0, (4.12) 

on general bounded Lipschitz domains O C M. d . We start by presenting the main result of this 
subsection, which we will prove later on. 

Theorem 4.4. Let O be a bounded Lipschitz domain in W 1 and let 7 > 0. There exists an exponent 
po with po > 3 when d > 3 and po > 4 when d = 2 such that for p £ [2,po) P < <? < 00, 
(|4.12p has a unique solution u £ SjZ^ ,q (0,T), provided 

f g CW^ntf^o^) and 5 £ ^(0,r ; 4)niX(o,r;4). 

Moreover, there exists a constant N £ (0,oo), which does not depend on f and g, such that 

IHt+ 2 4(o,T) - JV (I |/ I | b£;S(o,t) + H/Hh^ +p (o,t) + IM^^o,^))- ( 413 ) 

For bounded C 1 -domains G C R d this result has been already proven in [25]. Unfortunately, 
the techniques used there will not work if the boundary is assumed to be just Lipschitz continuous. 
Therefore, we choose to take another way. We will mainly use the fact that the domain of the 
square root of the negative weak Dirichlet-Laplacian on L p (0) coincides with the closure of the 
test functions in the L p (0)-Sobolev space of order one, at least for the range of p allowed in our 
assertion. Before we prove this fact let us get more precise and introduce some notations and 
definitions. 
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Let O be a bounded Lipschitz domain in M. d . As in |49] Definition 3.1], for arbitrary p 6 (1, oo), 
we define the weak Dirichlet-Laplacian A pw on L p {0) as follows: 

D(A£J := {n 6 Wj(O) : Au G L p (0)}, 

where 5ij denotes the Kronecker symbol. If we fix p G (po/(po — l)>Po) with po = 4 + 5 when d = 2 
and po = 3 + 5 when d > 3 where (5 > is taken from [49] Proposition 4.1], then, the unbounded 
operator Af^ generates a strongly continuous, analytic semigroup {<Sp(£)} t>0 °f contractions on 
see 03 Theorem 3.8 and Corollary 4.2]. Thus, (-A^J 1 / 2 , the square root of the negative 
of Ap W , can be defined as the inverse of the operator 

POD 

(-A^)" 1 / 2 := / t -i/2 Sp (t) dt : L p (0) ->• L p (0) (4.14) 

JO 

with domain 

D{{-^ w ) 1 ' 2 ) := Range((-A^J" 1 / 2 ), 
see |41|, Chapter 2.6]. Endowed with the norm 

IMId ( (-A£JV2) := || (-A^) 1 /^]!^^), u G £((-A£j 1/2 ), 

D((— A^) 1 / 2 ) becomes a Banach space. Exploiting the fundamental results from [49] and |19j . we 
can prove the following identity, which is crucial if we want to apply the results from [37] in our 
setting. 

Lemma 4.5. Let O be a bounded Lipschitz domain in M. d . There is an exponent po with po > 4 
when d = 2 and po > 3 when d > 3 such that if p G [2,po) 

D((-A£jV 2 ) = W p \0) 

with equivalent norms. 

Proof. We fix p G [2,po) with po = 4 + 5 when d = 2 and po — 3 + 5 when d > 3 where 5 > is 
taken from [49] Proposition 4.1]. We start with the proof of the embedding 

D((-A£jV 2 ) ^ W}(0). (4.15) 

By [39j Proposition 4.1] the semigroups {S2{t)} t>0 and {<Sp(£)} t >o are consistent, i.e., for all t > 0, 

S 2 (*)/ = 5 p (t)/, / G L p (0). 

Using (|4.14|) . this leads to 

(-A^)" 1 / 2 / = (-A^)- 1 / 2 /, / G L p (0), 
which implies implies the boundedness of the operator 

(-A£J-V 2 : L p (0) -> 1^(0), 
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since the restriction of (-A^J -1 / 2 to L P (G) is bounded from L p (0) to W p (0), see pH Theo- 
rem 7.5(a)]. Thus 

\\(-A? tV) )- 1/2 f\\fy (0) < N\\f\\ Lpio) , f g L p (0). 
Consequently, for any g G Range ((-A^J" 1 / 2 ) = D((- A^J 1 / 2 ), 

llf IIm/i (C3 ) < n W(- A p°,J 1/2 9\\l p (0) =N\\g\\ Di{ _ A D w) i/ 2) , 

with a constant N independent of g. Embedding (|4,15p follows. 
It remains to prove the converse direction, i.e., 

W p \0)^D((-A° w )V*). 

To this end, we first notice that the strongly continuous analytic contraction-semigroup {Sp(t)} t>0 
on L p (0) is positive in the sense of [T71 p. 353], see [Ml Lemma 4.4]. Therefore, by [221 Corollary 5.2], 
(—Ap W ) has a bounded -ff°°-calculus of angle less than tt/2. Consequently, it has bounded imaginary 
powers. This implies 

[L p (0),D(-A° w )] 1/2 = D((-A°J^), (4.16) 
see [431 Theorem 1.15.3]. By Remark 12.61 and \38\ Proposition 2.4], 

W p \0) = Hl d _ p (0) = [H%(0),Hl d _ 2p (0)] 1/r 
Also, by the definition of the weighted Sobolev spaces one easily sees that 

H%(0) = L p {0) and H$^{0) ^ £>(-A£j. 
Combining these results, we obtain 

Wiip) = [H%(0),H 2 p ^ 2p (0)] l/2 ^ [L p (0),D(-A»J] l/2 = D({-A» w ) 1 ' 2 ), 

which finishes the proof. □ 

Now we are ready to prove our main result in this subsection. 

Proof of Theorem 14.41 As in the proof of Lemma |4"31 we fix p G [2,po) with po = 4 + 6 when 
d = 2 and po = 3 + 5 when d > 3 where 5 > is taken from [491 Proposition 4.1]. We start 
with the case 7 = 0. I.e., we assume that / G M. p ,q d (0,T) and g G M p ' 9 d _ p (0, T; £2)- Recall the 
corresponding notations (&(*))te[o,T]j (' u; (^))tG[o,T] an d Wi 2 introduced in the proof of Theorem 14.21 
and their properties. By Lemma 14.51 and Eq. ()4.16|) we have 

[L p (0),D(-A°J] 1/2 = Hl d _ p ((D). 

Also, D(A pw ) ■— > L p (0) densely, since C^°(0) is contained in D(A pw ). Therefore, we can apply 
[471 Theorem 4.5(h)] and obtain the existence of a stochastic process 

u G L q (n x %T],V,V®dt;D{-A° w )) (4.17) 
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solving the stochastic evolution equation 

J du{t) - A° w u{t) dt = f{t) dt + b{t) dWg 2 (t), t€ [0, T] 
\ u(0) = 

in the sense of [471 Definition 4.2] with Xq := L p (0). Moreover, there exists a version u of u, such 
that the following equality is fulfilled in L p (0) a.s. for all t £ [0, T] at once: 



u(t)= / Au(s)ds + / /(s)ds+ / b(s)dW e2 (s). 
Jo Jo Jo 

We can fix a continuous versions of the stochastic process (w(t))t£\o,T]i so that by (|4.10p a.s. 

u{t) = f Au(s) ds+ I f{s) ds + w{t) for all t £ [0, T] in L p (0). 
Jo Jo 

Therefore, by Lemma 14.51 and (|4.17p . u S fjM(0,T) and solves Eq. (|4.12p in the sense of Defini- 



tion [331 Since S) p '^(0,T) ^ f)^' 2 d (0,T), the uniqueness follows from [26j Theorem 2.12]. Thus, in 
order to finish the proof of the basic case 7 = 0, we show the a priori estimate 



< N 



jto,?/^ ^ + \\g\ 



J. 



(4.18) 



which implies estimate (|4.13p for 7 = 0. To this end we will use the fact that the stochastic process 
V : [0, T] x n -»• L p (0) defined as 

F(i):= f S p (t-s)f(s)ds + f S p (t-s)b(s)dW h (s), te[0,T], 
Jo Jo 

is a version of u, see [47} Proposition 4.4]. Since —A pw has the (deterministic) maximal regularity 
property (see [H2 Proposition 6.1]) and £ p{A pw ), we obtain 



E 



i4 / S p (t- s)f(s)ds 



< N 



(4.19) 



where we used again Lemma 1431 and [35| Theorem 9.7]. Simultaneously, notice that —A pw and 5 
(respectively b) fulfil the assumptions of [48, Theorem 1.1]; we have already checked them in our 
explanations above. Thus, applying this result, we obtain 



E 



m / S p (t - s)b(s) dW e2 (s) 



L q {0,T;Hl d _ p {O)) 



< N\\g\\ q 

— 11^ IItot u > ( 



(4.20) 



The constants in (|4.19p and (|4.20p do not depend on / and g. Therefore, using the last two estimates 
we obtain the existence of a constant N, independent of / or g, such that 



(C,T;£ 2 ) 



\\V\\ q < N I II f\\ q -A- \\n\\ q 

Since V is just a version of the solution u, Eq. (|4.18p follows. 

In order to prove the assertion for arbitrary 7 > and 2<p<<7<oowe can argue as we have 
done at the end of the proof of Theorem 14.21 □ 
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5 Holder- Sobolev regularity of elements of Sy^^iO^T) and implica- 
tions for SPDEs 

In this section we analyse the temporal Holder regularity of functions in $)1'q(0, T), where O is a 
bounded Lipschitz domain in R d . Our main interest lies on the case q ^ p. As an application, we 
obtain Holder-Sobolev regularity for the solutions to SPDEs presented in Section In combination 
with the Sobolev type embeddings for the spaces H^ g (0) from the Section [21 we also obtain 



assertions concerning the Holder regularity in time and space for elements of Sj'I'giO, T) (Corollary 



. Here is the main result of this section. 



Theorem 5.1. Let O be a bounded Lipschitz domain in R rf . Let 2 < p < q < oo, 7 G N, 6 G R, 



and u G Sj1'q(0,T). Moreover, let 



2/q < < p < 1. 

T/ien i/iere exists a constant N, which does not depend on T and u, such that 



E ^ 1 ^^72-i/ 9 ([0,T];^/(O)) 
< NJ<P-0)q/2 



+ Bu 



+ l|Su||« 



p, 9 q (0,T;l 2 ) 



)■ 



(5.1) 



and 
Ell 



-V 9 



C^/ 2 - 1 /8([0,T];i?J-^(O)) 



< Arr^-^/ 2 fE||^-V(o,OII 



+ 



+ Bn 



+ l|S«||« , 



(5.2) 



Theorem 15.11 and Lemma 12. lT ii) yield the following so-called interior Schauder estimates of 
functions in Sjl'g(0,T). 

Corollary 5.2. Given the setting of Theorem I5.il let u G S^q{0,T) and 7 — @ — d/p = k + e 

where k G No and e G (0, 1]. Twen for v := f3 — 1 + 0/p and multi-indices i,j G Nq snc/i £ftai |i| < k 
and \j\ = k, we have 



E 



sup \t - s \-CM2-i) (\^+H\ D i (u ^ .) _ u(S) + [^+b1+^i( n ( t , .) _ „( a , .))]£, 



+ Bn 



B?,e+^(0,T) 



+ llSul 



l-^{0,T;t 2 ))' 



JC'(O) 



where the constant N G (0, 00) does not depend on u. Ln particular, if uq = 0, 7 > 1, 9 < d and 
ro := 1 — 2/g — d/p > 0, £/ien /or any r G (0, ro) 



E 



E 



sup sup 

t<T x,yeO 



sup sup ■ 

xeOt,s<T 



\u(t,x)-u(t,y)\i 
\x — y\ rq 

\u(t, x) — u(s, x)\ q 



< 00, 



\t-s\ r il 2 

see 132^ Remark 4-8] for details concerning the last implication. 



< 00, 
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Combining Theorem 15.11 with the results of Section |U we immediately obtain the following 
result on the Holder-Sobolev regularity of solutions of SPDEs. 

Theorem 5.3. Let O be a bounded Lipschitz domain in M. d . Let 2 < p < q < oo, 7 G No, G ]R 
and 

2/q < < p < 1. 

(i) Given the setting of Theorem \4-4\ the solution u G S^ 1 p ^' ,q {O ,T) of Eq. (|4.12p fulfils 

E ll^ lu \\ 9 c p/2-i/ q{[0)T] . H y+2-e {o)) ^ N {\\fWiQ*(o,T) + '^"h^ +p (o,t) + I^IIb5+ 1 '«(o,ta))' 
where the constant N G (0,oo) does not depend on u, f and g. 

(ii) Given the setting of Theorem 4-°^< the solution u G ^y^' q {0 ,T) of Eq. (|4.ip fulfils 

+ HfllH^+ 1 ' 9 (0,r;£ 2 ) + "^^(OM))' 

where the constant N G (0,oo) does not depend on u, f and g. 

For the case that the summability parameters in time and space coincide, i.e., q = p, a result 
similar to Theorem 15.11 has been proven in [26J, see Theorem 2.9 therein. The proof in [26] is 
straightforward and relies on |32[ Corollary 4.12], which is a variant of Theorem 15.11 on the whole 
space M. d . However, we are explicitly interested in the case q > p since it allows a wider range 
of parameters (3 and f3, and therefore leads to better regularity results. Unfortunately, the proof 
technique used in [26\ Proposition 2.9] does not work any more in this case. Therefore, we take a 
different path: We use \32\ Proposition 4.1], which covers the assertion of Theorem 15.11 with 
instead of O, and the Lipschitz character of dO to derive Theorem 15.11 via a boundary flattening 
argument. To this end, we need the following two lemmas whose proofs are postponed to the 
appendix. 

Lemma 5.4. Let G^,G^ be domains in M. d with non-empty boundaries, and let <j) : G^ —> G^ 
be a bijective map, such that <fi and eft" 1 are Lipschitz continuous. Furthermore, assume that there 
exists a constant N G (0,oo), such that 

-^Pawi^Hy)) < Paw(y) < NpamirHv)) for all ye G&, 

and that the (a.e. existing) Jacobians Jcj) and Jcf)^ 1 fulfil 

I Det J(f)\ = 1 and | Det Jc/*" 1 ] = 1 (a.e.). 

Then, for any 7 G [—1,1], there exists a constant N = N(d,"y,p,6,(f)) G (0,oo), which does not 
depend on u, such that 

^INI^ycM) < IIWiff^GW) < N\W\\ H ~i e{GW) 

in the sense that, if one of the norms exists, so does the other one and the above inequality holds. 
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Lemma 5.5. Let G^\G^ be bounded domains in R d and let eft : G^ — > G^ satisfy the as- 
sumptions of Lemma \5.4\ Furthermore, let u £ S) l p ,q g {G^ l \T) with 2 < p < q < oo. Then u o £ 
Sj p 'g(G^ 2 \T) with deterministic part D(no0 _1 ) = Duo^" 1 and stochastic part §(iio<^ _1 ) = §uo<^)~ 1 . 
In particular, for any tp € Cq°(G( 2 )), with probability one, the equality 



{u(t, •) o 4T\ <p) = (u(0, •) o y,) + / ((Pu)(s, •) o <j>-\ <p) ds + V / ((§ fc u)(s, •) o ^) 

(5.3) 



k=l 

holds for allte [0,7]. 

Now we are able to prove our main result in this section. 

Proof of Theorem 15.11 Let us simplify notation and write / := and g := §>u throughout 
the proof. We will show that (|5.ip is true by induction over 7 6 N; estimate (|5.2p can be proved 
analogously. 

We start with the case 7 = 1. Fix xq € dO and choose r > small enough, e.g., r := ro(lOA'o)" 1 
with ro and Kq > 1 from Definition [23J Let us assume for a moment that the supports (in the sense 
of distributions) of u, f and g are contained in B r (xo) for each t and u). With from Definition [231 
we introduce the function 

0: G {1) := O D B ro (x ) — ► G (2) :=^(OnB r ,W) C 
x = (x 1 ,x') 1 — )• (x 1 — hq(x'), x'), 

which fulfils all the assumptions of Lemma [5.4[ Note that, since r has been chosen sufficiently small, 
one has po{%) = Pgw( x ) f° r all 2 G H B t {xq), so that one can easily show that the equivalence 

\\ v \\h»jo) ~ lkllir--(G(i))> u g £>'(£>), suppu c B r (x ), 
holds for all u, 9 G K and p > 1. Together with Lemma 15.41 we obtain for any z/ G [—1, 1], 

IMIhmo) ~ ll u ^"^^-(Gf 2 ))' vev'(O), suppw c B r (i ). 

Thus, denoting u := u o <^ _1 , / := / o 0" 1 and g := g o (p^ 1 , by Lemma 15.51 we know that on C?( 2 ) 
we have cftZ = fdt + g k dw\ in the sense of distributions. Furthermore, since p G (2)(y) = p K d (y) for 
all y G 4>{0 n B r (xo)), the equivalence 

|bo0 -1 ||ij--^G(2)) ~ \\ v °0 _1 ||j^-m<?)> vGP'(O), suppjjCB r (x ), 

holds for any v G [—1,1], where we identify v o i^" 1 with its extension to R+ by zero. Therefore, by 
making slight abuse of notation and writing u, f and g for the extension by zero on R^ of u, f and 
g respectively, we have 

ueU X p % p {R%,T), u(0) G £/^(R^), feM-)'l p (R d + ,T), g G M° p q (R d + , T;£ 2 ), 
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and du = fdt + g k dw^ is fulfilled on R+ in the sense of distributions. Thus, we can apply |32t 
Theorem 4.1] and use the equivalences above to get estimate (|5.ip in the following way: 

E Mc*/3-v*([o,ni^ 

< AT T^~^ q l 2 { 1 1 11 1 1 q + II f \\ q + \\a\\ q } 

< AT T^~^ q / 2 ( 1 1 7/ 1 1 9 +\\f\\ q + lloll 9 ^ 

V 1 X1_„(o,t) "■' "nri-'JCT) ^ l|y|l H^ e (o,T;£ 2 );- 



Now let us give up the assumption on the supports of u, f and g. Let £o, £i> ■ ■ ■ , Cm, be a partition of 
unity of O, such that £o G Cq°(^), an d, for i = 1, . . . , m, & G Cfi°(B r (xi)) with G <9C Obviously, 
d(^u) = £ifdt + ^ig k dw k for i = 0, . . . , m. Since 



E ^~V c , /2 _ Vg([0j ^ 

p,o ._ p,a 

we just have to estimate MibP~ 1 £iu] q 3 ,„ , , „ , i fl , for each i G {0, . . . , ml. For i > 1 one gets 

Lr Si J c< 3 / 2 - 1 /9([o,r];H 1 ^' 3 (C')) — b 

the required estimate as before, using the fact that Co°(0)-functions are pointwise multipliers in 
all spaces H"g(0), v, 9 G R, p > 1, see, e.g., [3HJ Theorem 3.1]. The case i = can be treated as 

follows: Since £o has compact support in O, for all u, 8 G R and p > 1, we have 



and consequently 



IKo||if- § (0) ~ IKo||if|( K d), v G £>'(0), (5.4) 

E ^ 1 ^ ^G^/2-l/ 9 ([0,T];^/(O)) ~ E ^ ^^72-l/ 9 ([0,T];H p 1 -^(^))- 

By [32(. Theorem 4.11], a further application of (j5.4|) and the fact that C^°(C>)-functions are point- 
wise multipliers in all spaces H^g(0), we obtain 

E ^° U ^C^2-l/ q{[ ^ T] . H l-P {Rd)) 

< ^-^(ii^&tiii^,,^ + iiwit >9(0)T) + iie 05 |i^ (W2) ) 

< JVT^-^(||^«||^ J(Oi20 + W\\l-^ T) + 11*11* o, j(0>T , 

This finishes the proof of estimate (|5.ip for the case 7 = 1. 

Next, let us move to the inductive step and assume that the assertion is true for some 7 = n G N. 
Fix u G J5j}J 1,ff (0,r). Then ?j := G flJ'|(0,T) and du = ipf x dt + ^s*diu£ (component-wise). 
Also, by Lemma 12.11 (iii) and (iv), 

1 n]^ /2 _ 1/g([0)T] _ if „+ 1 _^ (o)) < n(e^ 1 u} q c p /2 _ 1/q{[Q ^ H „_p m + 

1 ^c^72-i/ 9 ([0,T];i?;-' 

Using the induction hypothesis and applying Lemma l2.1( iii) and (iv) once more, we see that the 
induction goes through. □ 
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6 Besov spaces and their relationship to weighted Sobolev spaces 



We turn our attention to the scale of Besov spaces 

B« T (0), ~ = % + k a >0, <m 
rap 

where p > 2 is fixed and O C K rf is a bounded Lipschitz domain. As pointed out in the introduction, 
our motivation for considering this scale is its close connection to nonlinear approximation theory. 
The main result of this section, Theorem [631 is a general embedding of the weighted Sobolev spaces 

H;, d - up (0), 7,^>0, (6.1) 

into Besov spaces of the scale (j*J). In the previous sections we have seen that the stochastic parabolic 
weighted Sobolev spaces $jl'g(0,T) are suitable for the analysis of SPDEs of the type (13. ip . The 
elements of these spaces are stochastic processes with values in the spaces H p0 _ p (O) = H p d _ up (0) 
with v = 1 + {d — 6) I p. Thus, by proving the embedding mentioned above, we show that the 
regularity analysis for SPDEs of type (|3.ip in terms of the scale can be traced back to the 
analysis of such equations in terms of the spaces F> p 'q(0,T). 

The outline of this section is as follows. In Subsection 16.11 we give a definition of Besov spaces 
and describe their characterization in terms of wavelets. Based on this characterization and some 
auxiliary results, we investigate the relation of the scales (|6.ip and j*]) in Subsection 16.21 Here we 
will also see that, for the relevant range of parameters 7 and u, the spaces H p d _ up (0) act like 
Besov spaces Bp^ u (0) with zero trace on the boundary (Remark 16 .7p . 



6.1 Besov spaces: Definition and wavelet decomposition. 

Our standard reference concerning Besov spaces and wavelets is the monograph [5]. Throughout 
this subsection, let G C Mr be an arbitrary domain. 

For a function / : G — > R and a natural number n £ N let 

n n / \ 

A n h f(x) :=Y[l G (x + ih) ■ (■) ('IT' 4 Six + jh) 
i=0 j=0 

be the n-th difference of / with step h € R d . For p € (0, 00), the n-th order L p -modulus of 
smoothness of / is given by 

LJ n (t, /, G) p := u n (t, f) p := sup || A n h f \\ Lp(G) , t>0. 

\h\<t 

One definition of Besov spaces that fits in our purpose is the following: 

Definition 6.1. Let s,p,q £ (0, 00) and n £ N with n > s. Then B^JG) is the collection of all 
functions f £ L p {G) such that 

idt\^/i 

00. 



\f\B^ G) :=(l [t- S ^(t,f) p ] f) < 
These classes are equipped with a (quasi-)norm by taking 

II / IIbj i9 (GQ : = II / h p (G) + I / |b« ,(G) • 



26 



Remark 6.2. For a more general definition of Besov spaces, including the cases where p, q = oo 
and s < see, e.g., \4M - 

We want to describe B^ q (M. d ) by means of wavelet expansions. To this end let (p be a scaling 
function of tensor product type on K d and let ipi, i = 1, . . . , 2 d — 1, be corresponding multivariate 
mother wavelets such that, for a given r G N and some M > 0, the following locality, smoothness 



and vanishing moment conditions hold: for all i = 1, . . . , 2 d — 1, 

supp9?, supp^j C [—M,M] d , (6.2) 

<p, i>i G C r (R d ), (6.3) 

/ x a ipi{x) dx = for all a G N d with |a| < r. (6.4) 



We assume that 

Wk,4>i,j,k ■ (i,j,fc)€{l,--- ,2 d -l} xN xZ d } 

is a Riesz basis of L2(M d ), where we used the abbreviations for dyadic shifts and dilations of the 
scaling function and the corresponding wavelets 

(p k (x) ■= (p(x - k), x G R d , forked, and (6.5) 

^ij, fe (») := 2 jd/2 ^i(2 j x - k), x G R d , for (i,j, k) G {1, • • • , 2 d - 1} x N x 1 d . (6.6) 

Further, we assume that there exists a dual Riesz basis satisfying the same requirements. More 
precisely, there exist functions p> and tpi, i = 1, . . . , 2 d — 1, such that conditions (|6.2|) . (|6.3j) and 
(|6.4p hold if (p and ^ are replaced by (p and ^j, and such that the biorthogonality relations 

(ftk,^i,j,k) = (V'ij.fe) Vfe) = ) (ftk, = $k,h (V'ij.fe) V'u.u.i) = ^i,w <^> ) 

are fulfilled. Here we use analogous abbreviations to (|6.5p and (|6.6p for the dyadic shifts and 
dilations of ip and ipi , and Sf-j denotes the Kronecker symbol. We refer to Chapter 2] for the 
construction of biorthogonal wavelet bases, see also [12] and [6]. To keep notation simple, we will 
write 

A,j,k, P ■= 2^(Vp-V2) V ,. . h and := 2 MW-i/2)^ 

for the Lp-normalized wavelets and the correspondingly modified duals, with p' := p/(p — 1) if 
p G (0, oo), p ^ 1, and := oo, 1/p' := if p = 1. 

The following theorem shows how Besov spaces can be described by decay properties of the 
wavelet coefficients, if the parameters fulfil certain conditions. 

Theorem 6.3. Letp,q G (0,oo) and s > max{0, d(l/p — 1)}. Choose r G N such that r > s and 
construct a biorthogonal wavelet Riesz basis as described above. Then a locally integrable function 
f : M d — > R is in the Besov space Bp q (R d ) if, and only if, 

2 d -l 

f = ^2(f^k)iPk+^2^2Yl ^' ^3,KV') AjAp (6.7) 

fcez d i=i jeNfc £ z d 
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(convergence in D f (WL )) with 

2 d — l 

( E \(f,£k)\ P ) 1P + ( E E 2 ^( E \(f^iM)\ P ) 9 P ) 1/9 < oo, (6.8) 
fcez d i=l jeN 

and (|6.8p is an equivalent (quasi-)normforBp q (M. d ). 

Remark 6.4. A proof of this theorem for the case p > 1 can be found in 14 0\ §10 of Chapter 6j. 
For the general case see for example [36] or [5, Theorem 3. 7. 7]. Of course, if (|6.8p holds then the 
infinite sum in ()6.7[) converges also in 5i ? (R ). If s > max{0, d(l/p — 1)} we /iave i/ie embedding 
B P, q (^ d ) C £g(R d ) /or some s > 1, see, e.#. J3 Corollary 3.7.1]. 

A simple computation gives us the following characterization of Besov spaces from the scale (j*J) 
on R d . 

Corollary 6.5. Let p € (l,oo), a > ana" r £ R snc/i £/ia£ 1/r = a/d + Choose r £ N 

smc/i i/tai r > a and construct a biorthogonal wavelet Riesz basis as described above. Then a locally 
integrable function f : R — )■ R is in the Besov space B? T (R d ) if and only if 

f = E + E E E ^j'.fe>p ( 6 - 9 ) 

(convergence in V(R d )) with 

2 d — l 

(Ei(/'^)r) lr + (E E Ei(/^w)r) lT <^» (6-io) 

and (|6.10p is an equivalent ( quasi-) norm for B^ T (R d ). 

6.2 Prom weighted Sobolev spaces to Besov spaces 

In this subsection we will prove two embeddings of weighted Sobolev spaces into Besov spaces. 
We first focus on the case where the integrability parameter p £ [2, 00) of the weighted Sobolev 
spaces and the Besov spaces under consideration coincide, see Lemma 16.61 This will pave the way 
for proving a general embedding of weighted Sobolev spaces into the Besov spaces from the scale 
in Theorem 16.91 Remember that in this article O C R d always denotes a bounded Lipschitz 
domain. 

Lemma 6.6. Let O be a bounded Lipschitz domain in R d . Let j,u £ (0,oo) and p £ [2, 00). Then 
the following embedding holds: 

Hld~u P {0)^B^{0). (6.11) 

Proof. We start the proof by considering the case where 7 = u, i.e., we prove that for 7 > and 
p > 2 we have 

Hl^ lp {0) ^ Bl p (0). (6.12) 
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It is well-known, see [35 \ Theorem 9.7], that for k G No, 

H k p4 . kp (0) = Wt(0), (6.13) 

where W p (0) denotes the completion of Cg°(0) in the classical L p (0)-Sobolev space W*(0). We 
use the convention W°(0) := L p (0). Since p > 2 we have W};(0) ^ B^ p (0), see, e.g., 03 
Remark 2.3.3/4 and Theorem 4.6.1(b)] together with |15j . We therefore obtain (I6.12|) for k G No- 
In the case of fractional 7 G (0, oo)\N we argue as follows. Let 7 = k + rj with fc G No and r/ G (0, 1). 
By [381 Proposition 2.4], 

Hp^!_ {k+v)p {0) = [Hp }d _ kp (0),H^l {k+ ^ p (0)] v . 

Using (I6.13j) we have 

For any A; G N, it is well-known that the Sobolev space W p ((D) coincides with the Triebel-Lizorkin 
spaces -F p fc 2 (0), see, e.g., HQ Theorem 1.122]. Moreover, we have L p (0) ^ F° 2 (0), see 01 (1.2) 
together with Definition 1.95]. Thus, 

The fact that Triebel-Lizorkin spaces constitute a scale of complex interpolation spaces, see, e.g., 
[4"H Corollary 1.111], leads to 

For p > 2, it is well known that F^ 2 (0) B^ p (0) for any s£i, see, e.g., (1.299) in @3] together 
with |15| . Therefore, 

and (|6.12p is proved for general 7 > 0. The embedding ([6. lip for follows now by using 

standard arguments. Indeed, since 7 > 7 A ^ we have 

see |38| . the line after Definition 2.1. Furthermore, d — vp < d — (7 A v)p implies 

see |38|. Corollary 4.2]. A combination of these two embeddings with ()6. 12[) finally gives f)6.11j) . □ 

Remark 6.7. Since O C M. d is assumed to be a bounded Lipschitz domain, we know by ]21\ 
Chapter VIII, Theorem 2] that for 1/p < s the operator Tr, initially defined to C°°(0) as the 
restriction on dO, extends to a bounded linear operator from B pp (0) to Bp :P 1 ^ p (dO). In this case 
we denote by B pp0 (O) the subspace of B pp {0) with zero boundary trace, i.e., 

B s p>Pt0 (O) := {u G B' p jP) : Ttu = 0}, ± < s < 1 + \ 



29 



By flPl Theorem 3.12] these spaces coincide with the closure of Cq°(0) in B pp (0), i.e., 



5^(O):=C -(O) llll ^^=B^ )0 (C?) /or -< S <1 + ^ 

Thus, i/l/p < 7Ay < 1 + Lemma \6.6\ together with Lemma \2.1\ i). lead to 

Kd-u P iO) ^ B^(0) = b;%{0) = {u G 5^(0) : Tru = 0}. 

In Section [^] roe considered SPDEs in the setting of 126^ . The solutions to these equations are 
stochastic processes taking values in H p d _ up {0) with v := 1 + ^-, where the value of 6 never leaves 
the range d— 1 < 8 < d + p — 1, compare also [3^]. This condition is equivalent to 1/p < v < 1 + 1/p 
with v as introduced before. Hence, ifj> 1/p we deal with solutions with zero boundary condition, 
in the sense that the well defined linear and continuous boundary trace Tr equals zero. 

In the second part of this subsection we investigate the relationship between weighted Sobolev 
spaces and the Besov spaces from the scale (j*J . In [10] , the scale is used to analyse the regularity 
of harmonic functions on a bounded Lipschitz domain C M. d . Denoting by 0(0) the set of 
harmonic functions on we can formulate the main result therein, \10\ Theorem 3.2], as follows: 



6(0) nB%JO) B" (0), - = -, + -, for all < a < v— — = supmin|m,i/— — }. 

t d p d — 1 mg N d — 1 ) 



One of the main ingredients for the proof of this statement is the fact that harmonic functions 
contained in Bp „(0) have finite weighted Sobolev half-norm 



u \^ d _ vp (C) ■= ( E / \p(x) H D a u(x)\ p p(xr^dx 



1/p 



\ct\=m 

for any m € N, see \10\ Theorem 3.1] for details. It turns out that arguing along the lines of jlOt 
Theorem 3.2] one can even show that for v > and m G N, 

H™ d _ up (0)nB^ p (0)^B« T (0), ^ = ^ + ^, for all < a < min [m, v^j}- 

Combining this with Lemma 16.61 we obtain 

K,d-u P (°) ^ B? tT (<D), ~ = ^ + ^ for ^1 < a < min {m, ^^j. (6.14) 

In what follows we give a detailed proof of the extension of (I6.14|) to arbitrary smoothness 
parameters 7 > instead of m £ N. To this end, let us fix some notations. We will use a wavelet 
Riesz-basis 

Wk, A,j,k ■ (i,j,k)e {!,-■■ ,2 d -l}xN xZ d } 

of L2(M rf ) which satisfies the assumptions from Section lBTTl with C [— M, M] d and r large enough — 
we will always clarify what we mean by that in the particular theorems. Given (j, k) £ No x Z d , 
let 

Qjjk :=2-ik + 2-i[-M,M] d , 



30 



so that supp V'ij.fc C Qj t k for all i E {1, . . . , 2 d — 1} and supp^fc C Qo,fc for all k E Z d . Remember 
that the supports of the corresponding dual basis fulfil the same requirements. For our purpose the 
set of all indices associated with those wavelets that may have common support with the domain 
O will play an important role and we denote it by 

A := k) E {1, . . . , 2 d - 1} x N x Z d \ Q jik n O + 0}. 

Furthermore, we want to distinguish the indices corresponding to wavelets with support in the 
interior of the domain from the ones corresponding to wavelets which might have support on the 
boundary of O. To this end we write 

dist(Qj,fc, dO) = inf p(x), 

{(i,l,k) E A : I =j], 

k) E A, : m2"J < Pj , k < (m + 1)2"'} , 
A i \ A ii0> 

jSNo 

where j, m E No and k E Later we will also use the notation 

T := {keZ d :Q 0tk nO^®}. 

The following lemma paves the way for proving (|6.14p for arbitrary 7 > instead of just 
7 = m E N. It establishes an estimate for, roughly speaking, a discretization of a weighted Sobolev 
norm in terms of the supports of the wavelets in the interior of O at a fixed scaling level j E No- 
For better readability, we place the quite technical proof in the appendix. Remember that we write 
A° for the interior of an arbitrary subset A of R d . 

Lemma 6.8. Let O be a bounded Lipschitz domain in M. d . Let p E [2, 00), 7 E (0, 00) and v E R 
with 7 > v. Furthermore, assume u E H'l d _ (O) . Then, for all j E No, the inequality 

holds, with a constant N E (0, 00) which does not depend on j and u. 

Now we can prove the main result of this section. We use the convention '1/0 := 00'. 

Theorem 6.9. Let O be a bounded Lipschitz domain in R rf . Let p E [2, 00), and 7, v E (0, 00). 
Then 

K^°) ^ KriP), \ = - d + 1 -' forall0<a< min{ 7 ,^}. 
Proof. Let us start with the case v > 7. Then, for any < a < 7, we have 



Pj,k ■-- 



A; 



A 



A° 
A 
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where we used Lemma 16.61 and standard embeddings for Besov spaces. Therefore, in this case the 
assertion of the theorem follows immediately. From now on, let us assume that < v < 7. We fix a 
and t as stated in the theorem and choose the wavelet Riesz-basis of L2(M) from above with r > 7. 
We also fix u £ Hpd-vp(®)- ^ ue ^° Lemma 16.61 we have u € B pp (0). As O is a Lipschitz domain 
there exists a linear and bounded extension operator £ : B pp {0) — > B p ^ p (M. d ), i.e., there exists a 
constant N > such that: 

£u\ Q =u and \\Su\\ B ^ p{Rd ^ < N\\u\\ B ,^ ), 

see, e.g., [42]. In the sequel we will omit the £ in our notation and write u instead of £u. Theorem 
3] tells us that the following equality holds on the domain O: 



fcer (i,j,fc)eA 



where the sums converge unconditionally in B pp (R. ). Furthermore, cf. Corollary 16.51 we have 

\\ u \\b ?t {0) ^ N {52\( u >Vk)\ T + \( u ii>i,3,k,p'W\ 
fcer (i,j,k)eA 

see also |15j . Hence, by Lemma l6.6( it is enough to prove that 

£|<u,&>r < N\\u\\ B „ p{0)) (6.15) 
fcer 

and r 

K u ^ij,*^)r<^(ii«iifl^ id _ vp (o) + ii«iiB^(o)) • ( 6 - 16 ) 

(ij,k)eA 

We start with fj6. 15H . The index set T introduced above is finite because of the boundedness of 
O, so that we can use Jensen's inequality to obtain 



£ i<u,&>r < N((j2\(u,£ k w) 1/P Y <n\\u\\i 

fcer ^ fcer 



In the last step we have used Theorem 16.31 and the boundedness of the extension operator. 

Now let us focus on inequality (|6.16p . To this end, we use the notations from above and split 
the expression on the left hand side of ()6.16j) into 

Yj \( U ^i,j,k,p')\ T + Y \( U ^i,j,k,p')\ T =: I + 1 ( 6 - 17 ) 

(j,i,fc)eA () (M,fc)eA\A° 

and estimate each term separately. 

Let us begin with I. Fix k) £ A . As a consequence of Lemma 16.81 we know that u\ QO E 

Bp,p(Qj £.)■ By a Whitney-type inequality, also known as the Deny-Lions lemma, see, e.g., |14^ 
Theorem 3.5], there exists a polynomial Pj^ of total degree less than 7, and a constant N, which 
does not depend on j or k, such that 

\\U ~ Pj,k\\L P (Q jt k) ^ N 2 ~ n \ U \Bl P {Ql k )- 
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Since ijjij,kp' is orthogonal to every polynomial of total degree less than 7, we have 

\(u,-tpi,j,k, P '}\ = \(u- Pj,k,^i,j,k,p'}\ 

< \\ u ~ P j,kh p (Q jtk ) \\^i,j,k,p'h pl (Q j>k ) 



u 



< N2~^ 
S iV 1 Pj,k Pj,k \ U \Bl P (Q°y 



Fix j G No- Summing over all indices k) G A!- and applying Holder's inequality with exponents 
p/r > 1 and p/(p — r) one finds 



e \{u^ iM )[<N y: ^ jiT ptr )T ptk v) Mi lp{QU) 



(ij',fc)6A0 (ij,fc)6AP 



< 



n E WWwJ)'{ E 



. 7Tp (i/-7)rp v Pz 



(ij,k)eA° (ij,fc)6A° 



Now we use Lemma 16.81 to obtain 

E l(«^w}r<^hiiH P v^ ( o)( E 2 "^~rH p > ( 6 - 18 ) 

(ij',fc)6AP (i,j,fc)eA° 

with a constant iV, which does not depend on the level j. In order to estimate the sum on the right 
hand side we use the Lipschitz character of the domain O which implies that 

I Aj, m | < N 2 j(d ~^ for all j, m E N . (6.19) 

Moreover, the boundedness of O yields A Jim = for all j,m € No with m > N2 3 , where the 
constant N does not depend on j or m. Consequently, 



E 2 ^ E E 2 '^.r 

(i,i,fc)eA<' 7 v m=i (i,j,k)eAj, m 7 

V m — 1 / 



(6.20) 



m=l 



Now, let us sum over all j £ No- Inequalities (|6.20p and f|6. 18j) imply 



(i,j,k)eA° jeN 



U "H~<, (0V 

z>.a — up ^ ' 
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Obviously, the sums on the right hand side converge if, and only if, a £ ( 0, 7 A v -pr J . Finally 



E \(u,A,j,k, P ')\ T < n \\ u \\h\ toy 

(i,j,k)eA° 



Now we estimate the second term E in (|6.17p . First we fix j £ No and use Holder's inequality 
and (|6.19|) to obtain 

E \(u^A P >)\ T <N2^-^( Y, \M,jAP>)\ P f ■ 
(i,j,k)eA jj0 («J,'c)GA ji o 

Summing over all j £ No and using Holder's inequality again yields 

E \{u,Aj,k, P ')\ T = E [ E \( u ^iJ,k,p')\ T 
(tj,fc)eA\Ao jeN (ij,fc)eA j)0 

<n(y,^ s ^-^)^(e £ *-I<«.**v>I')* 

V i6N ' V jGN„ {i,j,k)eAj,o J 

Using Theorem 16.31 and the boundedness of the extension operator, we obtain 

X"^ I IT / V (d-l)(p-r) \ p \ E T L 

E K^w>l ^ni^W E 21 p • 

(i,j,fc)eA\A° S'eNo 



The series on the right hand side converges if, and only if, a £ I 0, v-^—^ I . We thus have 



E \Mi,jAP')\ T ^ N \\ u \\\ v (o) < N \\ u \\ r H; d _ up {oy D 

(i,j,k)eA\A° 



7 Holder— Besov regularity for elements of S)^(0,T) and implica- 
tions for SPDEs 

In this section, we state and prove our second main result concerning the time-space regularity of 
the solutions to SPDEs of the form (jl.ip on bounded Lipschitz domains. We use the scale to 
measure the regularity in space, whereas the time-regularity will be measured in terms of Holder 
norms. Since the stochastic parabolic weighted Sobolev spaces 5)^(0, T) are the right spaces to 
construct a solvability theory for SPDEs, we will first formulate our results in terms of these spaces. 
As a consequence, each result about existence of solutions to SPDEs in these spaces automatically 
encodes a statement about the Holder-Besov regularity of the solution. The corresponding results 
for the solutions in the different settings from Section H] will be presented here in detail. We will 
use the following short notation 

L q (Q T ;B« T (0)) :=L q (nx[0,T],V,F®dt;B« T (O)) 

Let us first clarify for which range of a > a stochastic process u £ S)^'g(0,T) takes values in 
l/r = a/d + l/p. 
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Theorem 7.1. Let O be a bounded Lipschitz domain in 
fleR, andue HjJ^(0,T). Then, 



u G L-ffir; (0)), i = ^ + -, /or a// < a < min (7 + 2, f 1 + — 

rap L V p 



d . Let 7 + 2 G (0,oo) ; p,g G [2, 00), 



-is- 



Moreover, for a fulfilling (|7.ip . i/iere exists a constant N which does not depend on u, such that 

rT 

\u(t, •)lls« T (0) 



E 



< AT lU/ll 9 

" " V+ 2 4(O.T)- 



Proof. This is a direct consequence of Theorem 16.9 



□ 



Combining this assertion with the results from Section H] we obtain the following spatial regu- 
larity results for SPDEs. 

Theorem 7.2. Let O be a bounded Lipschitz domain in M. d . 

(i) Given the setting of Theorem \4-l\ the solution u G $)p~Q 2,P (0,T) of Eq. f)3. 1 j) fulfils (|7.ip . 
Moreover, for any a in (17, ip . there exists a constant N, which does not depend on u, f , g and uq, 
such that 



E 



\ u {t, ")IIjB« (o) 



dt 



< N 



+ 5 



w-<+ L ' p (o,T;e 2 ) 



+ \\ u o\ 



(ii) Given the setting of Theorem 4-4 • the solution u G 9y^ ,q {0 ,T) of Eq. (|4.12|) fulfils (|7.1|) jcift 



9 = d. Moreover, for any a in (|7.ip . £/iere exists a constant N , which does not depend on u, f , and 
g, such that 



E 



Jo 



\ u (t, ')\\%? (O) ^ 



< N 



(iii) Given the setting of Theorem \4-£\ the solution u G Sj^'^ 2 ' q (0,T) of Eq. (|4.ip fulfils (|7.ip mt/i 
9 = d. Moreover, for any a in (|7.ip . £/iere exists a constant N , which does not depend on u, f , and 
g, such that 



E 



I^C^J (0) ^ 



< N 



+ 



I°;«(0,T) 



+ N 



n 7+1 ' 9 (0,T;£ 2 ) 



+ 



Proof. The assertions are immediate consequences of Theorem 17. 1 1 and the corresponding existence 
results from Section HI □ 

Remark 7.3. A result similar to Theorem VTW i) has been proved in Q Theorem 3.1, see also 
Theorem B.3]. There are three major improvements in Theorem \l .2[ i) compared to Q Theorem 3.1]. 
Firstly, we have no restriction on 7 G (0, 00), whereas in ^ only integer 7 G No are considered. 
Secondly, we obtain L p -integrability in time of the B" T (0)-valued process for arbitrary p G [2, 00). 
With the techniques used in ^ just L T -integrability in time can be established. Thirdly, we do 
not need the extra assumption u G L p ([0,T] x Vt; Bp p (0)) for some s > 0. It suffices that u G 
MT^tp{0,T). Note that, obviously, this improvements also hold for the solutions of more general 
equations as considered in Q Theorem B.3]. 
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Here is the main result of this section. It concerns the Holder-Besov regularity of processes in 
p,fl< 



Theorem 7.4. Let O be a bounded Lipschitz domain in R d . Let 2 < p < q < oo, 7 + 2 G N, 9 G R, 
and u G j^J 2 ' 9 (0,T). Moreover, let 

2 - r d-6h 

- < P < min ^ 1, H ^. 

q I pi 

Then, for all a and r with 



- = -7 + - and < q < min^ 7 + 2-/3, (1 + P h 7 h 7 -2 

Tap I \ p J d — 1 J 

EM^^/ < iY(T)(||nr 7+2 , + HBulljU {OT) + ll^ll^+i, 



and 

E ll U llc,872-i/9([0,T];iJ« T (O)) - ll U ll^+ 2 '9(Cl,T)- 

TTie constants N(T) are given by N(T) = Nswp^^ {T^ - ^ 3 / 2 } , mi/i TV /rom (£□]) and (pO]) 

Proof. The assertion is an immediate consequence of Theorem 15.11 and Theorem 16.91 □ 

We obtain the following implications concerning the path regularity of the solutions of SPDEs 
from Section [H 

Theorem 7.5. Let O be a bounded Lipschitz domain in R rf . 

(i) Given the setting of Theorem \4-4\ with 7 G No, let u G T) 6e i/ie solution of Eq. (|4,12p . 
Assume furthermore that 2/q < j3 < 1, and i/iaf a and r /uZ/iZ (|7.2p . Then, 

K W u \\ q c P/2-i/ q{[0)T] . B?Tio)) ^ ^ (II^IIhj^co.t) + II^Hh°;*(o,t) + ll^r+^fo.T^))' 
where the constant N does not depend on u, f and g. 

(ii) Given the setting of Theorem \4-2\ with 7 G No, let u G S)Z^ 2 ' q (0,T) be the solution of Eq. (|4.ip . 
Assume furthermore that 2/q < j3 < 1, and that a and r fulfil (|7.2p . Then, 

E ll U ll^72-i/ 9 ([0,T];B- r (O)) - ^ (|^"h^ +p (0,T) + H^Hh°;«(0,T) 



where the constant N does not depend on u, f and g. 

Proof. The assertions are immediate consequences of Theorem [73] and the corresponding existence 
results from Section HI □ 
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A Appendix 



Proof of Lemma 15.41 We consider consecutively the cases 7 = 0,1,-1. For fractional 7 G 
(—1, 1), the statement follows then by using interpolation arguments, see |38} Proposition 2.4]. Fur- 
thermore, we resume ourselves to the proof of the right inequality in the assertion of the Lemma, 
i.e., that there exists a constant N = N(d, r y,p,9,(j>) G (0, 00), such that for any u G Hj e (G^) the 
following inequality holds: 

\\ UO( i>~ 1 \\HZf(GW) ^ N \\ u \\Hl e (GW)- 

The left inequality can be proven analogously. For 7 = 0, the assertion follows immediately by using 
the assumptions of the Lemma and the change of variables formula for bi-Lipschitz transformations, 
see, e.g., [THJ Theorem 3]. Let us go on and look at the case 7 = 1. Because of the density of the 
test functions C§°(G^) in H^ g (G^), it suffices to prove the asserted inequality for u G C yo (G ( - 1S) ). 
In this case, because of the assumed Lipschitz-continuity of </> -1 , the classical partial derivatives of 
u o 6~ l exist a.e. and 



d 



u o 



i=l x / i=l x / 



a.e. 



Thus, using e.g. [39^ Section 1.1.3, Theorem 2] we can conclude that these a.e. existing classical 
derivatives coincide with the weak derivatives, so that 



\UO( 



-Imp 

Hv g(2) ) 



< N 



< N 



< N 



G( 2 ) 



G(2) 



u°r 1 )(v)\ p P G m(v) $ - d dy + ir t [ /-(^f 1 )^) 



Pg^ (y) 



p+e-d 



dy 



' P G ^y) p+e ' d dy) 



GO) 



Hx)\ p p G (i)(x) 



dx+ YlJ G(1) \^-A x )\ P pao)(xy 



% dx 



Finally, for 7 = —1, we can use the fact that H*, g ,(G) is the dual space of H p g(G), if 1/p+l/p' = 1 
and 9/p + 9'/p' = d, see |38} Proposition 2.4], and fall back to the cases we have already proven. □ 



Proof of Lemma 15. 5L We set / 



and g := Su. Since u G ft 'g(G^ ,T), Lemma EH guar- 



antees that / o^e ^^(G^.T), g o cf)~ l G M° p q e (G^ ,T; £ 2 ) and u(0, •) o ^ G ^(G (2) ). 
Therefore, we only have to show that for all <p G Cq°(G^), with probability one, the equality 



(u(t,-),ipo(f>) = (u(0,-),ipo. 



+ 



/ + E / {9 k (s,-),<P°<f)dw k s (A.l) 

Jo k=1 Jo 



holds for all t G [0, T\. Thus, let us fix tp G Cq°(G^). We consider first the case p > 2. By Lemma 

hence also for p := 2p/(p — 2) and 



15^1 <p 



G H^ § __(G^) for any p G (l,oo) and 9 G 
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9 := 28' (p— l)/(p — 2) — dp/(p — 2), where 0/p + 8'/p' = d with 1/p+l/p' = 1. Moreover, by Lemma 
2.1( i) we can choose a sequence (p n C Cq°(G^) approximating ipocf) in Hl g __(G^). Furthermore, 



a consequence of our assumptions is, that for all n G N, with probability one, the equality 

•),£„) = (u(0, -),<Pn) + / {f(s,-),Vn)ds + y2 (*,■), ¥>n) dw* (A.2) 

Jo fc=1 Jo 

holds for all t G [0, T]. Thus, if we can show that each side of ()A.2p converges in ^2(0; C([0, T])) 
to the respective side of (jA.ip . the assertion follows. To this end, let us fix an arbitrary v G 
H-g (G^). A standard estimate yields 



E 



sup 

te[o,T] 



o 



{f(s,-),v) ds 



-^ II/II ^X( gC1) ' T )^ II ^',«'-,'( gC1) )' 



Also, using Doob's inequality, Ito's isometry and Holder's inequality we get 



E 



fcGN 



te[o,T] 1 ' 







< m\g\\u 



Furthermore, an application of \26\ Proposition 2.9] and the fact that q > p lead to 

n 2/p „-„2 



E 


sup 


(u(t,-),v)\ 2 


< (e 


sup \\u(t, 




L iG[0,T] 






L te[o,T] 



(A.3) 



< Ar ll U llIi.j(G(i),T)H^llv >fl ,(G(i))- 

Hence, since Hi S __(GW) is continuously embedded in H^, e ,_ p ,(G^)^L p t ^(G^^L^G^), the 
assertion follows for the case p > 2. The same arguments can be used to prove the case p = 2: Just 
replace p by 2, and # by 6' = 2d — 9 and use the estimate 



E 



su p 52 / (/( s >-)^)^ 

L *G[0,T] l fc6N J0 



- Ar l^llH^(G(i) 1 T^)H' f; llL„ e ,(GCi)) 



instead of ()A.3p . 



□ 



Proof of Lemma 16.81 Let us fix j G No- We use the notations introduced before Lemma 16.81 
Remember that M > has been chosen in such a way that O C [-M, M) d . Let us fix ki > 1 such 
that 

2 + 2MVd<2 kl , (A.4) 

and construct a sequence {£ n : n G Z} C Cq°(0) as in Remark 12.4( h) . In order to prove the 
assertion we are going to show the estimates 



E 



(i,3,k)eA°, 



Pj/\ U \Bl P (Ql k ) 



ngNo 



(A.5) 



3S 



m < N 2-^-^\\^ n {2-^) ■ )u(2-U-»> • ) f (A.6) 



and 



where the constant iV does not depend on j and n. This will prove the assertion since, assuming 
that (|A~5l) and (EOl) are true, their combination gives 



E (^>l^, P (Q ? , fc )) P < ^ E 2-(-")(^)||e j _ n (2-(-") • )„(2-G-0 • )||^ 

nGN 

< TV ^ 2 n ( d -^ j j e_n (2 n • ) n (2 n • ) 



(ij,fc)eAO 



in MIP 



^H^r (C)) . 

In the last step we used Remark 12, 4( ii) and Lemma | 

Let us first verify inequality (|A.6p . To this end, let r be the smallest integer strictly greater 
than 7. For the sake of clarity we use here the notation AH/] for the r-th difference of a function 
/ : R rf — > R with step h S M. d , whereas A r h [f](x) denotes the value of this r-th difference at a point 
x € M. d , compare Subsection [6Tj Writing out the Besov semi- norm and applying the transformation 
formula for integrals we see that 



\£j—n,u\ B 2 



poo 

= / t-^p 


sup 1 


^~nU]\\ P L 


Jo 


\h\<t 






POO 




— 2~0'~ n ) d 


/ 1 


" 7P sup { f 






\h\<t JR d 




POO 




_ 2~<J~ n ) d 


/ 1 


" 7P sup { 
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\h\<2i- n t 



su P { / \Al[^nu](2^x)\ p dx}^ 

h\<t L JR d J 1 



A further application of the transformation formula for integrals yields 



\(,j-n u \ P p 



B 1 

P:P 



a; 



sj-n(2 



2 -(j-n)d 2 0-n) 7 p / j-7P sup 

/i|<i 

2 -(j-n)( Q !- 7 p)|^._ n ^2-(J- n ) • )n(2-( J - n ) • ) 



0-™) 



)u(2" 



-0'-") 



r// 
T 



which implies (|A.6|) since the space Hp(M. ) of Bessel potentials is continuously embedded in the 
Besov space Bp jP (U. d ), see [Ml Theorem 2.3.2(d) combined with Theorem 2.3.3(a)]. 

It remains to prove inequality (|A.5|) . Recall that the index i referring to the different types of 
wavelets on a cube Qj & ranges from 1 to 2 d -l. Since A° consists of those indices k) E Aj with 
2~ 3 < pj p., we have 



E 



Bl P (Q jt k)) P ~ ( 2< * ~ X ) E (^lfc S | n l^,p(Qi,fc)) P ' 



(A.7) 



where we used the notation 



A]:={keZ d : k) G A°}. 
Now we get the required estimate in four steps. 
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Step 1. We first show that the cubes supporting the wavelets fit into the stripes where the cut-off 
functions (£ n ) are identical to one. More precisely, we claim that the proper choice of fei, see (|A.4|) . 
leads to the fact that, for any k £ A*, there exists a non- negative integer n £ No such that 

Q hk C S s -n := ^ 1 (2-(^")[2- fcl ,2 fcl ]). 

We denote 

££„ := {k £ A* : Q j)k £ Sj- n }, n G N . 
To prove this, we first note that, since k\ > 1 fulfils (|A.4p . 

3 

y Qj,k c y Sj- n = y Sj- n . 

fcGA* nSN n=0 

Fix fcG A* and let n* be the smallest non- negative integer such that Qj yk H Sj- n * ^ 0, i.e., 

n* := inf {n G N : Q i)fe D £,•_„ / 0} < j. 

Then, there are two possibilities: On the one hand, Qjk might be contained completely in Sj- n *, 
i.e., Qj,k Q Sj- n *. Then we are done. On the other hand, it might happen that Qj t k is n °t completely 
contained in the stripe Sj- n *. In this case, we claim that Qj >k ^ <Sj_( n * + i), i.e., 

pix) G [2-J'+ n * +1 2- fcl ,2- J ' +n * +1 2 fel ] for all x E Q hk . 

Let us therefore fix x € Qj,k- Then, since the length of the diagonal of Qjk is 2~^2Mvd, we have 

p(x) < pj, k + 2~ j 2MVd. 

Also, p j>k < 2~i +nt 2 kl since Q j)k n S^-n* / 0. Hence, 

p(x) < 2~ j+n *2 kl + 2~ j 2MVd. 

Since 2M\/d < 2 kl , we conclude that 

pix) < 2-i +n * +1 2 k - (-+ 2M Jt \ < 2-i +n * +l 2 k ^ (- + -4xt I < 2^' + "* +1 2 fcl . 
PV ; - I 2 2 n +1 2 fc i y ~ I 2 2 n + 1 y ~ 

It remains to show that p(x) > 2~ J+n * +1 2~ fcl . We argue as follows: Since Qj k is n °t completely 
contained in Sj_ n *, there exists a point xq E <5j,fe such that p(xo) > 2~ J+n 2 fel . Therefore, since 
the length of the diagonal of Qj k is 2~ J 2My/d, we have 

p{x) > 2-J+"*2 fcl - 2MVd2~' > 2-J + ™* +1 2- fcl - 2M ^ + f - ^ > 2 -J+ n * +1 2- fel . 

In the last step we used (|A.4|) . 
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Step 2. We rearrange the cubes supporting the wavelets in classes containing only cubes with 
disjoint interiors. More precisely, let e\,...,ed be the canonical orthonormal basis in R . Since 
Q jk = 2~ j (k + [-M, M] d ) it is clear that, for all k G Z and I G {1, . . . , d}, 

Q° fe n(2^(2M)e z + Q° fe )=0. 

Consequently, setting {a m : m = 1, . . . , (2M) d } := {0, . . . , 2M — l} d and denoting 

i2j,m == {Qj,k ■ k G a m + 2MZ d } for m = 1, . . . , (2M) d , 

we cover the whole range of cubes, i.e., 

(2M) d 

and for any fixed m G {1, . . . , (2M) d }, if Q jjjfc , Q,^ G R j>m with fe 7^ then Q° jk n = 0. In the 
sequel, we write 

R\ m := {k G A} : Q j)k G % m }, m G {0, . . . , (2M) d - l}. 

Step 3. Let us fix k G A* and concentrate on the Besov semi-norm of the restriction of u to the 
corresponding cube Q° k . Using the Peetre K- functional 

K r (t,u,Ql k ) p := flgH «jf {\W ~ 9h p (Q jtk ) + t \g\w;(Ql k )} 

and applying [20], Lemma 1] leads to 

f°° dt 



00 



dt 



<N I t-^K r (f,u,Ql k r p t 



= N 

< N 



I rl \J?k^ U " + ^ M W)} T' 



where the constant N depends only on r, d and p. (Recall that r is the smallest integer strictly 
greater than 7.) 

Step 4. Now we collect the fruits of our work and approximate the right hand side of (1A.7|1 . Because 
of the first step and since k\ > 1 it is easy to see that 

j {2M) d 

A j = U U S ln R !mi 
n=0 m=l 

where 

S* n := {k G A} : Q j>k G Sj- n }, n G N . 
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Thus, 

3 (2Af) d 

fcGA* n=0 m=l fcGS£ n nfl£ m 

Let us fix n G N such that / as well as m € {1, ... , (2M) rf }. Then, p j>k < 2 kl 2~^- n ^ for 
A; G iS* n , and using the third step we obtain 

S"I~ v )p \„,\P 

I "I nT coo 



" t 2^ y * 9G ^(o)l l|U ^«**) +t '^WiVJf 

tcS* nR* '" J 3 f v y 



fces* nR* 



Furthermore, since £j- n = 1 on Qj^ for any k G 5* n and since Q° k <1 Q° e = V) fov k, £ £ Rj m ^ 
k 7^ £, we can continue our estimate as follows: 



(y-u)p 

B PlP (Q° k ) 



/•OO Jj. 

< N2 -U~n)(^u)p / t-^ P K r (f,^- n U, Of —. 

Jo t 

By [201 Theorem 1], we know that there exists a constant N, depending only on r, p and O, such 
that 

K r (t r ,^ n u,0) p < Nco r (t,^ n u,0) p . 

Putting everything together, we have shown that there exists a constant N which does not depend 
on j, n or m such that 



= iV2-0--")(T-)P|n| p R7 ..... 

Hence, (|A.5|) follows after inserting this estimate into (|A.8j) and using (|A.7p . □ 
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